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Abstract

The theory of nonlinear vibration isolation has witnessed significant developments due to pressing demands for the

protection of structural installations, nuclear reactors, mechanical components, and sensitive instruments from earthquake

ground motion, shocks, and impact loads. In view of these demands, engineers and physicists have developed different

types of nonlinear vibration isolators. This article presents a comprehensive assessment of recent developments of non-

linear isolators in the absence of active control means. It does not deal with other means of linear or nonlinear vibration

absorbers. It begins with the basic concept and features of nonlinear isolators and inherent nonlinear phenomena. Specific

types of nonlinear isolators are then discussed, including ultra-low-frequency isolators. For vertical vibration isolation, the

treatment of the Euler spring isolator is based on the post-buckling dynamic characteristics of the column elastica and axial

stiffness. Exact and approximate analyses of axial stiffness of the post-buckled Euler beam are outlined. Different

techniques of reducing the resonant frequency of the isolator are described. Another group is based on the

Gospodnetic–Frisch-Fay beam, which is free to slide on two supports. The restoring force of this beam resembles to a

great extent the restoring roll moment of biased ships. The base isolation of buildings, bridges, and liquid storage tanks

subjected to earthquake ground motion is then described. Base isolation utilizes friction elements, laminated-rubber

bearings, and the friction pendulum. Nonlinear viscoelastic and composite material springs, and smart material elements

are described in terms of material mechanical characteristics and the dependence of their transmissibility on temperature

and excitation amplitude. The article is closed by conclusions, which highlight resolved and unresolved problems and

recommendations for future research directions.

r 2008 Elsevier Ltd. All rights reserved.
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1. Introduction

The linear theory of vibration isolation is well documented in the literature [1–4]. A linear isolator attenuates
transmitted vibrations above an excitation frequency, O, which exceeds the value of

ffiffiffi
2
p

on, where on is the
undamped natural frequency of the isolator. The transmitted force, Ft (or displacement, X0), reaches a value less
than the excitation force, F0 (or displacement, Y0), at an excitation frequency O4

ffiffiffi
2
p

on. The ratio Ft/F0

(or X0/Y0) is known as the transmissibility, TR. While the damping is beneficial at resonance, it is non-
beneficial in reducing the transmitted force or displacement for O=on4

ffiffiffi
2
p

. The effectiveness of any isolator
can be improved by lowering its natural frequency and its damping ratio. In most cases, the softer the
restoring force, the lower the natural frequency, and the better the isolation. The essential constituents of
a linear isolator are the resilient load-supporting means and energy dissipation means. In certain types of
isolators the functions of the load-supporting and energy-dissipation means may be performed by a
single element such as natural or synthetic rubber. In other types, the resilient load-carrying means may lack
sufficient energy dissipation such as metal springs. In this case, a distinct energy dissipation means should be
provided.

The basic concept of isolating horizontal and vertical motions is shown in Figs. 1(a) and (b), respectively.
The transfer functions of the two isolators, shown in Fig. 2, were estimated in Refs. [5,6]. The dashed and solid
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curves belong to the pendulum and the mass–spring isolators, respectively. Above resonance, the transfer
function has a slope of �2 (on the log–log plot).

A different class of linear isolators, known as dynamic anti-resonant vibration isolators, was introduced in
Refs. [7–9]. The anti-resonant isolator of Goodwin [7] and Halwes [8] is based on hydraulic leverage, while that
of Lanelly [9] relies on a levered mass. Anti-resonant vibration isolators use a levered mass–spring
combination to generate an anti-resonant frequency in the system, as shown in Fig. 3 [10]. Anti-resonance
occurs when the inertial force generated by the levered mass cancels the spring force. Anti-resonant vibration
isolators are implemented on the load path and introduced to a single-degree-of-freedom system in which the
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Fig. 3. Lever-type anti-resonant vibration isolator [10].
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inertial force generated by the levered mass results in an increase of the system effective mass. Thus, the
resonant frequency decreases, and the isolator is capable of operating in a lower-frequency range. This type
has been used in helicopter rotor isolation and isolation of floor machines [11–16]. Corcoran and Ticks [17]
and Flower [18] replaced the rubber engine mounts by hydraulic engine mounts, which have the so-called
‘‘inertia track’’ and share the same principle with the designs of Goodwin [7] and Halwes [8]. Yilmaz and
Kikuchi [10,19] extended the concept of anti-resonant vibration isolators to two- and multi-degree-of-freedom
passive isolators having two and multi-anti-resonance frequencies. Their isolators yielded an improvement of
the bandwidth in the low-frequency range.

This review article presents an assessment of recent developments in nonlinear vibration isolators utilized in
different applications. Section 2 introduces the influence of nonlinearity on the characteristics of different
isolators such as shift of resonance frequency, chaotic motion, internal resonance, impact and random
loading. The type of an isolator depends on the frequency range in addition to the material of the isolator.
Different types of ultra-low-frequency vibration isolation will be discussed in Section 3. Section 4 provides an
overview of the Euler spring isolator in the post-buckling state. The exact and approximate analyses of the
elastica and axial stiffness of Euler column will be presented as essential ingredients of the Euler spring
isolator. Methods of reducing the natural frequency, such as anti-spring techniques, are also presented in
Section 4. Non-traditional nonlinear isolators based on the Gospodetic–Fresch-Fay beam are then described
in Section 5. Essentially, the Gospodetic–Fresch-Fay beam is free to slide on its supports and its dynamics
closely resembles the roll dynamics of biased ships. Base isolators such as laminated-rubber bearing with and
without lead-core, friction-type sliding, and friction-pendulum isolators are discussed in Section 6. These
isolators have been used essentially to isolate buildings, bridges, and liquid storage tanks from ground
earthquake motion. Section 7 deals with viscoelastic isolators commonly used in the automotive industry. The
basic characteristics of viscoelastic materials are described in terms of their dependence on frequency and
temperature. Experimental, analytical, and numerical isolation characteristics of nonlinear viscoelastic mounts
are described. Section 8 closes this article with some conclusions and recommendations for further research.

2. Basic characteristics of nonlinear isolators

2.1. Need for nonlinear isolation

Linear vibration isolators are only useful if their natural frequencies are well below the excitation frequency.
Thus, they are limited to such applications as moderate environmental disturbances. However, under severe
environmental disturbances such as shocks, impact loads, or random ground motion, their spectrum will
definitely contain dangerous low-frequency components. The isolator under these conditions experiences
excessive deflections that can cause over-stress and even damage to the system. For this reason, it is imperative
to consider effective nonlinear isolators, which can serve several applications, such as
1.
 Reducing line spectra in the radiated acoustical signature of marine vessels.

2.
 Isolating equipment mounted in ships navigating in extreme sea waves.
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3.
 Reducing the magnitude of the high launch loads across all frequency bands acting on spacecraft.

4.
 Reducing severe vibrations due to impact loads.

5.
 Protecting buildings, bridges, liquid storage tanks, oil pipelines, and nuclear reactor plants against the

damaging effects of earthquakes.

6.
 Isolating laser interferometers of gravitational wave detectors.

7.
 Isolating electronic equipment, automotive vehicle front-end-cooling systems, and passengers from road

roughness excitation.

8.
 Isolating automotive power-train system, engine through proper design of rubber and hydraulic mounting

systems.

9.
 Protecting operators of hand-held machines.

The influence of isolator nonlinearity on transmissibility depends on whether its stiffness is hard or soft [20].
It is known that soft nonlinearity causes a reduction in the resonant frequency and the isolation may be
improved. Nonlinearity becomes important in the study of an isolator when large deflections occur due to the
effects of equipment weight and sustained acceleration. These effects are encountered in the behavior of
suspensions of high-speed vehicles and mounts for sensitive instruments [21].

Many researchers have conducted studies considering various combinations of restoring and damping
forces. Earlier activities include the work of Den Hartog [22] who developed an exact solution for the
vibratory response of a symmetric system with both coulomb and viscous damping when subjected to a
harmonic forcing function. Ruzicka and Derby [23] presented extensive results for isolation systems with
linear stiffness and nonlinear pth power damping. The magnitude of stiffness nonlinearity required in the
design of nonlinear isolators with reference to resonant amplitudes and force transmissibility was predicted
using the analogue computer [24] and finite element method [25]. Hundal and Parnes [26] considered the same
system when subjected to base excitation. Metwalli [27] proposed a model to optimize nonlinear suspension
systems which were found to outperform their linear counterparts. Nayfeh et al. [28] and Yu et al. [29]
considered a passive nonlinear mechanical vibration isolator consisting of discrete mass, stiffness, and
damping elements. They showed that by suitably designing the stiffness nonlinearities, localized nonlinear
normal modes could be induced in the system. It was found that when the isolator with localized nonlinear
normal modes is subjected to a harmonic excitation in certain frequency ranges, the resulting resonances
become similarly localized and the level of the transmitted undesirable vibrations is greatly reduced.

The influence of nonlinearity on the performance of these isolators is manifested in shifting the resonance
frequency and possibility of chaotic motion. Other factors include the type of excitation and its frequency
spectrum, which are addressed in the next sections.
2.2. Shifting of resonance frequency and jump phenomena

Depending on the type of nonlinearity, the resonance frequency may be shifted to the left or right of the
linear resonance frequency on the transmissibility plot. Ravindra and Mallik [30] examined the response of
nonlinear vibration isolation system subjected to force excitation or base excitation as shown in Fig. 4. These
systems were described by the general equation of motion

Z00 þ 2zZ0jZ0jp�1 þ ZjZjq�1 ¼ F cos nt, (1)

where a prime denotes differentiation with respect to the non-dimensional time parameter, t ¼ ont, Z ¼ x/(F0/
k)1/q, or Z ¼ (x�y)/Y0 refers to the non-dimensional displacement of the system mass or its relative
displacement with respect to the base displacement, z is the damping factor, F ¼ 1/ or ¼ n2, and n ¼ O/on.
Ravindra and Mallik [30] studied different cases of nonlinearity and estimated the corresponding trans-
missibility for each case using the method of harmonic balance. It was found that an isolator with soft
nonlinear characteristics is superior to the one with hard nonlinearity. The effects of damping on resonance
transmissibility and the high frequency attenuation rate of the transmissibility were found to be similar to
those of isolators with a linear restoring force. An increase of damping power index, p, results in a reduction of
the jump width.
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On the one hand, the damping force due to dashpot clearance is normally characterized by a constant
damping coefficient and represents linear proportional damping. On the other hand, the damping force due to
the orifice is nonlinear with a variable damping coefficient and is a function of internal geometry, frequency of
flow oscillation and Reynolds number [31]. The nonlinear damping component usually causes a significant
shift of the resonant frequency to a smaller value, compared to the linear damping case. For a two-degree-of-
freedom system, the nonlinear damping was found to provide better vibration control in the frequency range
between resonance peaks and an increase transmissibility response in the range beyond the second resonance.

Note that in nonlinear isolators the transmitted signal may contain subharmonic, superharmonic, and
sometimes chaotic behavior. Thus, the transmissibility defined by the linear theory of vibration isolation
should be redefined by using a suitable performance index. Lou et al. [32] proposed the ratio of the rms values
of the response to the excitation, i.e.,

TRn ¼ �

ffiffiffiffiffiffiffiffiffiffiffi
E½x2�

p
ffiffiffiffiffiffiffiffiffiffiffi
E½y2�

p . (2)

This index provides a measure of the energy transmission relationship.
For a flexible ship excited by ocean waves a vibratory power flow was examined [33] for a nonlinear isolator

characterized by a general pth power model for damping and qth power for stiffness. The input power flow
spectrum was found not globally sensitive to the nonlinearity in damping and stiffness of the isolator except
for local variations at some resonance frequency of the coupled system. Furthermore, the nonlinearity
in stiffness was found to play an important role in determining the characteristics of power transmission.
A nonlinear isolator with hardening stiffness but large damping index, p, was found to have the possibility of
preventing the occurrence of jump phenomena in the neighborhood of the critical resonance frequency. It was
concluded that a ship deck/hull built as rigid as possible is beneficial in reducing vibration transmission from
the hull structure to the equipment. The utilization of a softening nonlinear stiffness in the low-frequency
range and hardening nonlinear stiffness in the high-frequency range was found to produce benefits in
controlling vibration transmission.

2.3. Chaotic response

Under harmonic excitation, a nonlinear isolator may exhibit chaotic behavior over a certain range of system
and excitation parameters. A simple method for describing the arbitrary multi-axial loading process of
vibration isolation with large nonlinear stiffness and damping was proposed by Ulanov and Lazutkin [34].
Qing et al. [35] studied the vibration isolation behavior of a nonlinear vibration-isolation system in a desired
chaotic state. The transmitted force was characterized by a broad frequency band, although the excitation was
sinusoidal. In order to control the system in a desired chaotic state, the isolator has to possess variable stiffness
and damping.

Other types of nonlinear dynamic stiffness modeling were introduced by Kari [36,37]. Jiang and Zhu [38]
analytically and numerically studied the vibration isolation of a nonlinear system. They estimated the
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vibration isolation performance under different operating conditions and showed that the vibration isolation
performance at the primary harmonic frequency is better than that of the linear system. Furthermore, the
vibration isolation performance of the nonlinear vibration isolator in the chaotic states was found to be much
better than that in the non-chaotic vibration states.

Liu et al. [39] took advantage of chaotic vibration isolation to eliminate the periodic component in water-
borne noise and to improve the concealment capability of warships. The influence of hard stiffness
nonlinearity on the performance of nonlinear isolators was numerically studied by Yu et al. [40]. Yu et al. [41]
conducted numerical and experimental investigations to evaluate the performance of nonlinear vibration
isolation system under chaotic state. They found that the nonlinear isolator exhibits excellent performance and
can reduce the line spectrum when the system operates under chaotic state. The spectra of the radiated
waterborne-noises of marine vessels constituted of a broad-band noise having a continuous spectrum
superimposed on a line spectrum. At high-speed, the signature was found to be dominated by a broad-band
noise, while at low-speed the signature was dominated by a line spectrum [32]. For soft spring nonlinearity
both amplitude and transmissibility of displacement were found to outperform those observed in hard spring
nonlinearity [42].

Ravindra and Mallik [43] extended their previous work [30] and considered both symmetric and asymmetric
nonlinear restoring forces. Two typical routes to chaos, namely through period-doubling and intermittency,
were found to be present with damping exponent values of p ¼ 2 and 3. It was concluded that the bifurcation
structure is unaffected by the damping exponent. However, the values of the damping coefficient required for
complete elimination of the subharmonic and chaotic responses were found to depend on the value of p. It was
shown that nonlinear damping can be used as a passive mechanism to suppress chaos.
2.4. Influence of internal resonance

Vibration isolation of nonlinear dynamical systems involving mixed coordinates was studied in Refs.
[44–47]. These references considered the dynamic response of a rigid machine mounted on a foundation with
Duffing-type stiffness. It was shown that the stiffness nonlinearity may cause unwanted coupling between the
system modes. In addition, in the presence of 1:1 internal resonance mixed-mode periodic response was found
to co-exist with single-mode linear and nonlinear oscillations. Yamamoto [48] and Chen and Chen [49]
determined the response and transmissibility of nonlinear isolating systems using the incremental harmonic
balance method.

The transient nonlinear vibration of a rigid body mounted on a three-degree-of-freedom vibration isolation
system was examined in the presence of a 2:1:1 internal resonance [50]. The internal resonance is due to the
interaction between vertical and horizontal vibrations of the rigid body and the rotational vibration about its
center of gravity. The vibration of the rigid body passed through resonance when the rotation speed of an
unbalanced rotor equipped with the rigid body was found to be significant. Special attention was given to the
transient behavior of passage through resonance under the condition that a direct-current motor directly
drives the unbalanced rotor with a limited electric current. Transient oscillations through resonance were
observed and confirmed by analytical results for a few cases of limited currents.
2.5. Vibration protection under vibro-impact

Systems subjected to impact and shock loads exhibit severe vibration and they need special isolation means.
Impact loading is encountered in many mechanical applications such as pneumatic hammers, slamming loads
on water waves acting on ships and ocean structures, and vibro-impact systems with rigid or elastic stops. In
order to protect a given object against these undesirable disturbances, a vibrating protecting system is placed
between the vibration source and the object. In their research monograph, Alabuzhev et al. [51] introduced a
number of vibration protection systems with quasi-zero stiffness. Fig. 5 shows schematic diagrams of selected
systems whose load-bearing elastic elements possess constant positive stiffness as well as devices with negative-
stiffness. This type of isolators has been used for vibration isolation of operators’ seats in vehicles [52], impact
action hand-held machines [53–55], and railway car suspensions [56,57]. Systems with negative-stiffness have
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Fig. 5. Schematic diagrams of typical vibration protecting mechanisms: (a) vertical coil spring with two buckled beams, (b) links restraint

against horizontal springs, (c) buckled beam isolator and (d) vertical and horizontal spring system [51].
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been treated in Refs. [56,57] and the performance of such systems in the chaotic motion regime was addressed
in Refs. [58–60].

Some modifications of the nonlinear characteristics of isolating mounts carrying rigid structures subjected
to impact loads were proposed in the literature [61]. The modifications were adapted with respect to impact
vibrations to achieve a well design behavior. The protection of workers against vibrations generated from
hand-held tools requires special vibration isolation means. Dobry and Brzezinski [62] developed a strong
elastic nonlinear isolator to minimize the interaction force between the tool and the handle. In an effort to
prevent injuries from impact impulse loads, Balandin et al. [63] presented a review of research activities dealing
with the limiting performance analysis of impact isolation systems. Zhiqing and Pilkey [64] conducted the
limiting performance analysis to study the optimal shock and impact isolation of mechanical systems via
wavelet transform.

A bumpered vibration protection arrangement of a gimbaled electro-optical device was developed by
Veprik et al. [65]. This device was based on a split Sterling cry cooler for the cooling of an infrared focal array.
The installation of bumpers with enlarged travel reduces the probability of accidental impacts and effectively
reduces the excessive deflections. However, the presence of bumpers turns the vibration isolation arrangement
into a potential strongly nonlinear vibro-impact system with unfavorable characteristics [66]. In an effort to
eliminate these characteristics Babitsky and Veprik [67] introduced a novel concept based on the cooperation
use of an undamped, low-frequency vibration isolator in combination with optimally damped bumpers
installed with minimal free travel distance.

Some isolators experience a sudden change in the values of their parameters, which can be represented as
piecewise linear or nonlinear functions. As stated earlier, soft isolators are best for isolation. However,
nonlinear hardening is required to minimize relative displacement at high amplitude [68–70]. Patrick and Jazar
[71,72] introduced a secondary suspension to limit high relative displacements. Mahinfala et al. [73] adopted a
hyperbolic-tangent saturation function to study the frequency response of vibration isolators with saturating
spring elements. Deshpande et al. [74,75] employed an adapted averaging approach to study highly nonlinear
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systems described by piecewise linear representation. They obtained an implicit function for frequency
response of a bilinear system under steady state. This function was examined for jump-avoidance and a
condition was derived which ensures that the undesirable phenomenon of ‘‘jump’’ does not occur and the
system response is functional and unique.

Orzechowski et al. [76] studied the behavior of nonlinear isolation mounts and measured their response to
impulsive inputs. Their results showed the extent to which mounting linearity contributes to the shortening
of the transient portion of the response to an impact without adding damping to the system. The presence of
barriers is known to prevent a vibratory system from exceeding the relative amplitude particularly in the
neighborhood of resonance. The effect of end stops in an isolator was studied by Narimani and Golnaraghi
[77] and Narimani et al. [70]. They adopted a piecewise linear system and applied an averaging method to
define from the analytical frequency response the range of the parameters, which minimize the relative
displacement of the system. It was found that the damping ratio plays a more dominant role than stiffness in
piecewise linear vibration isolators.

2.6. Influence of random excitation

Systems subjected to random excitation such as earthquake ground motion require special isolation means
such as those discussed in Section 6. Fujiwara and Murotsu [78] estimated the optimum parameters of
vibration isolators for systems subjected to stationary random force and/or foundation motion excitations.
The vibration isolators consist of linear passive elements. Performance indices for these systems were
expressed as nonlinear functions of the parameters of the vibration isolators. The procedure was illustrated for
single- and two-degree-of-freedom systems with random excitation. Kirk [79] studied the influence of
nonlinear spring stiffness characteristics on the effectiveness of vibration isolators with linear damping
subjected to stationary random white noise ground acceleration. The probability density function of spring
displacement was determined analytically by means of the Fokker–Planck equation and both the root-mean-
square (rms) and mean peak values of spring displacement and mass acceleration were presented for three
different types of spring nonlinearity: (a) cubic hard spring, (b) cubic soft spring, and (c) tangent spring. The
usefulness of the cubic soft spring in reducing transmitted vibration was found to be of limited value, due to
the need to avoid the possibility of snap-through buckling caused by a reduction of stiffness with increasing
spring deflection. Miao and Liu [80] examined the random response of vehicles with a soft nonlinear spring to
random excitation. It was found that damping material cannot effectively isolate the vibration of vehicles. The
issue of isolating automotive components will be discussed in Section 7.

3. Ultra-low-frequency vibration isolators

The vibration isolation of mirrors in laser interferometers used in gravity wave detection is considered an
important factor in the success of the Laser Interferometer Gravitational Wave Observatory (LIGO) and
VIRGO projects [81–83]. The sensitivity of terrestrial gravitational detectors is limited at low frequencies by
the resulting degree of seismic isolation. Efforts to improve this isolation have resulted in what is known as
ultra-low-frequency isolators [83–87].

The concept of the negative-stiffness mechanism was adopted by Platus [88,89] for isolation against sub-
Hertz vibrations. Zhang et al. [90] developed a combined positive- and negative-stiffness isolator based on an
analysis of the mechanism of negative-stiffness, where negative-stiffness cancels much of the positive stiffness
of the elastic element in the vicinity of the balance point. The stiffness at the balance point has a nonlinear
characteristic and the net stiffness tends to be zero. This isolator was found to possess high support stiffness as
well as low vibration stiffness. Its inherent frequency can be adjusted to zero by adjusting the initial
deformation of the elastic elements of the negative-stiffness mechanism. Experimental results revealed that the
inherent frequency of the isolator can be adjusted from 10Hz down to 1Hz. Zhang et al. [91] utilized the Euler
column (will be described in Section 4) as a supporting spring in an ultra-low-frequency vibration isolator. The
negative-stiffness spring and the Euler column spring were connected in parallel at the balance point.

Physicists introduced what is called a pre-isolator, which is in principle an isolation stage, which is designed
to have a very low resonant frequency of suspension. The main distinction between a pre-isolator and normal
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Fig. 6. Force and base motion nonlinear isolators: (a) Watt’s linkage force isolator, (b) inverted pendulum retrained by a flat short spring,

and (c) two opposite pendulums [95,96].
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isolator is that structures that are designed to have very low resonant frequencies tend to be larger and more
massive, and thus possess lower natural frequencies than normal isolator chain stages. As a result they
generally do not provide useful isolation in the 10Hz–1 kHz detection band but are included mainly to reduce
residual motion at frequencies below the detection band [92]. The worst residual motion usually occurs close
to 0.5–1Hz at resonant frequencies of the lowest swinging modes of a standard isolation chain. Good design
of a pre-isolation system can easily reduce the seismic drive to these modes and thus the residual low-frequency
motion by two orders of magnitude. Lee et al. [93] described an ultra-low-frequency pre-isolator for micro-
seismic noise isolation and reduction of suspension chain resonant mode amplitudes. The Australian
Consortium for Interferometric Gravitational Astronomy applied reduction of seismic vibration to the main
Fabry–Perot cavities test masses and to other mirror-like input optics. The isolator consists of an inverted
pendulum horizontal stage [94].

Typical examples of ultra-low-frequency horizontal isolators are shown in Fig. 6. Fig. 6(a) shows the Watt’s
linkage with a mass suspended from an appropriate point which moves along a circle of very large radius. The
inverted pendulum shown in Fig. 6(b) is restrained by a short flat spring to provide positive restoring moment.
Pinoli et al. [95] and Saulson [96] studied the performance and mechanical properties of an inverted pendulum
as an ultra-low-frequency vibration isolator. The third system, shown in Fig. 6(c), consists of two opposite
pendulums.

3.1. Folded pendulum isolator

Ultra-low-frequency horizontal isolators must be carefully aligned to cancel the effect of gravity and may be
designed so that minimum energy is stored in elastic elements. Vertical isolators, on the other hand, must
support the entire weight against the gravitational force, and large energy storage in elastic elements is almost
unavoidable. Blair et al. [97] and Liu et al. [99] designed the folded pendulum shown in Fig. 7(a) and its
equivalent schematic diagram is shown in Fig. 7(b). It consists of a horizontal platform and two vertical rods
hinged by foils under tension. The left rod, of mass ma1, acts as a positive pendulum, while the right one, of mass
ma2, is an inverted pendulum. The two rods are of the same length, l. The distance between O and P is lp and is
the same as the distance between O0 and P0. The platform is divided into two equivalent masses mp1 and mp2. The
points O, O0, C, C0, P, and P0 have coordinates xO, x0O, xc, x0C , xP, and x0P, respectively. The angles of

the two rods with the vertical are y and y0. For small angles one may assume, yEy0, _xC � _x0C , and _xP � _x0P.
Under an external forcing excitation of the platform, f(t) ¼ FeiOt, and setting xO(t) ¼ XOe

iOt, and xP(t) ¼
XPe

iOt, Liu et al. [98] obtained the following expressions for the force and base excited transfer functions:

X P

F
¼

1

Meo2
r ð1� O2=o2

r Þ
;

X P

X O

¼
1� KðO2=o2

r Þ

1� O2=o2
r

, (3a,b)
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Fig. 7. Three-dimensional and projection diagrams of the folded pendulum: (a) three-dimensional of the folded pendulum and

(b) equivalent system [98].

R.A. Ibrahim / Journal of Sound and Vibration 314 (2008) 371–452 381
where

Me ¼
1

3
ðma1 þma2Þ

l2

l2P
þ ðmP1 þmP2Þ; o2

r ¼
ð1=2Þðma1 þma2Þðl=lPÞ þ ðmP1 þmP2Þ

ð1=3Þðma1 þma2Þðl
2=l2PÞ þ ðmP1 þmP2Þ

g

lP

� �
,

K ¼
ðma1 þma2Þ ðl=3lPÞ � ð1=2Þ

� �
1=3ðma1 þma2Þðl=lPÞ þ ðmP1 þmP2ÞðlP=lÞ

. (3c 2 e)

If the mass parameter K ¼ 0, then the system is converted into a simple pendulum of equivalent length

le ¼
ð1=3Þðma1 þma2Þðl

2=l2PÞðmP1 þmP2Þ

ð1=2Þðma1 þma2Þðl=lPÞ þ ðmP1 þmP2Þ
lP. (4)

In principle one can obtain any equivalent length by changing the masses in Eq. (4). In other words, one can
reduce the pendulum resonant frequency to an arbitrary low value. This confirms the experimental results
reported by Stebbins, Newell et al. [99]. The system forms a pre-isolation stage in the vibration isolation system
for laser interferometer gravitational wave detectors. Liu et al. [98,100] found that the dynamic behavior of the
folded pendulum closely approximates that of a simple pendulum of the same period of natural oscillation. At
long periods the pendulum becomes susceptible to variations in the tilting of its base. The influence of base tilt
was considered later by Winterflood et al. [101,102]. Fig. 8 shows the transfer function at a resonant frequency
of 0.03Hz for different values of K. The value of K vanishes if lP ¼ 2l/3, and this implies that the points P and
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Fig. 8. Base excited transfer function of the folded pendulum for resonant frequency 0.03Hz and different values of the parameter K:

____ K ¼ 0, - - - K ¼ 0.0001, __ __ __ K ¼ 0.003, ____ ____ ____ K ¼ 0.1 [98].
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P0 are on the centers of percussion of the two rods. Figs. 9(a) and (b) show the measured transfer functions of
the folded pendulum with two different values of natural frequency, f ¼ 0.1 and 0.029Hz, respectively. It is seen
that Fig. 9(b) exhibits better isolation performance.

3.2. The X-pendulum isolation table

Wire rope systems have found numerous applications in the shock and vibration isolation of military
hardware, industrial machinery, and seismic protection of equipment in buildings [103–105]. Demetriades
et al. [105] introduced the wire rope isolators and combination of them with locked casters for seismic
isolation and found that their use in stiff configurations may substantially improve the seismic response of
equipment in comparison to other installation methods. One form of wire rope isolator takes the shape
of the X-pendulum vibration isolation table shown in Fig. 10(a). This system was studied in Refs. [106–108]
and it uses typically four (but at least three) suspension wires to support an intermediate X-plate. The
plate in turn supports the main test mass via a rigid structure such as a bar. The wires form an X-shape when
viewed from the side. The X-mechanism acts as an elaborate but otherwise ordinary hinge, so that the bar and
test mass move as an ordinary pendulum. However, the X-plate has the useful property of relaxing a
small amount vertically when tilted off-center. This vertical motion tends to cancel the natural upward
curvature of the locus of a point on the test mass due to the pendulum motion. If the dimensions are chosen to
make the cancellation exact near the center of mass of the plate-bar-mass system, the potential well becomes
arbitrarily flat (at least to second-order), and the natural frequency becomes arbitrarily small. Barton and
Kuroda [107] showed that the X-pendulum behaves as a simple harmonic oscillator of an adjustable and very
low frequency. The natural frequency of the lateral oscillation of the pendulum was given by the following
expression:

o2
n ¼

MwgðH �HH Þ

Mw ðL2 tan a0Þ=2
� �

þH
	 
2

þ I
, (5)

where Mw is the mass of the test weight suspended by the bar, H is the distance of the center of mass
of the pendulum, P, below the midpoint of the lower plate, L2 is the distance between anchor points
of the lower plate, I is the mass moment of inertia of the pendulum, a0 is the acute angle of the wires and
the horizontal when the pendulum is hanging centrally, and HH is the critical value of H where the center
of mass P moves horizontally and the pendulum is on the verge of stability. The value of HH was given
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The solid curves are for the equivalent simple pendulum of the same natural frequency [98].
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by the expression

HH ¼
L2

4l sin a0
2l cos a0 � ðL2=cos

2 a0Þ
� �

, (6)

where l is the length of each wire. The relationship between the tilt angle of the mass, y, and the lateral
displacement, xP, of the center of mass P, was given by the following expression:

y ¼
2xP cos a0

L2 sin a0 þ 2H cos a0
. (7)

Fig. 11 shows the dependence of the natural frequency, f ¼ on/2p, on the weight position, d. The frequency
monotonically increases with the position and approaches an asymptotic value as d-N.

Barton et al. [108] extended the basic idea of the X-pendulum to a system of two or more X-pendulums.
A load table is suspended using a combination of normal and upside-down X-mechanisms so that it moves freely
with a very long period in both horizontal directions but is moderately stiff in all other degrees of freedom.
Fig. 10(b) shows a schematic diagram of the two-dimensional X-pendulum. The combination of normal and
inverted mechanisms was referred to as a corner unit, because the natural place to deploy it is at the corner of the
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Fig. 10. Schematic diagrams of different versions of the X-pendulum: (a) schematic diagram of X-pendulum and (b) corner unit of a two-

dimensional X-pendulum: 1—upper X-wires (slightly staggered), 2—support table corner, 3—upper X-plate, 4—intermediate wires (4),

5—lower, inverted X-plate, 6—load table corner, 7—lower X-wires (slightly staggered), 8—wire attachment point. (c) Side and end views

of one-dimensional two X-pendulums supporting a table: 1—payload, 2—detachable clamp, 3—load table, 4—hinge point, 5—net center

of mass, 6—critical point, 7—intermediate wire, 8—frame center of mass, 9—clamp screw with tuning spacer, 10—clamp block, 11—X-

wires, 12—support table [87,107,108].
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table to be supported. The corner units are oriented such that the normal X-mechanisms allow motion along the
y-axis and the inverted X-mechanisms are responsible for the x-motion. Another type of low-frequency, but one-
dimensional, vibration isolation system is shown in Fig. 10(c). A load table is supported by two X-pendulums from
a support table, which moves horizontally due to seismic disturbances but is stiff against all other motions [108].

3.3. Conical pendulum

Winterflood and Blair [85] and Winterflood et al. [109] developed the conical pendulum based on the
Scott–Russel linkage [110] schematically shown in Fig. 12(a). The system consists of a linkage arrangement,
Fig. 12. The conical pendulum: (a) schematic diagram of the conical pendulum: 1—elliptical suspension point loci, 2—rigid beam,

3—vertical alignment motion constraint, 4—mass suspension point, 5—main fixed support. (b) Prototype arrangement: 1—taut wire

fixings, 2—cross-beam (allows supporting at each side of mass avoiding spatial conflict in center, 3—main support, 4—central flex joint,

5—suspended mass, 6—normal pendulum, 7—inverse pendulum [85,92].
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which mimics the motion of a very long conical pendulum achieving x– y isolation in a single stage.
A pendulum of length r is joined near the midpoint of a rigid rod of length (a+b). The normal pendulum is
under tension and supports the entire weight of the structure and suspended mass. The top section of the rod
supports the suspended mass under compression and bending. The lower end of the rod is merely constrained
to move in a vertical line directly under the main support. If a ¼ r, then the upper section of the rod b may be
considered as an inverted pendulum, which is constrained to follow the same angle of deflection as the normal
pendulum, a. In addition, if b ¼ r then the effect of the normal and inverted pendulums cancel and the
suspension point follows a straight horizontal line. On the other hand, if a slightly lower suspension point is
chosen, then the suspension point follows an exact elliptical trajectory as shown in Fig. 12(a).

The idea was implemented by constructing a simple prototype shown in Fig. 12(b). Both the rod and mass
were threaded to allow adjustment for the position of the suspension point. The vertical wires carry the entire
weight of the structure as a simple pendulum and the vertical rod with its mass acts as an inverted pendulum.
The mass was initially adjusted for maximum repeatable period and then moved down in small increments.
For each location the resonant frequency for each direction was measured. The process was repeated with a
much heavier mass for comparison and the results are shown in Fig. 13. The observed difference in the
frequency curves for two different masses was attributed to the flexibility of the rod. The difference between
the x- and y-directions was partly due to the 1-mm joint offset and partly due to differing rod flexibility from
the flex joint construction in the center of the rod.

Garoi et al. [111] took advantage of the Roberts linkage [110] and built an ultra-low-frequency passive
vibration isolation device as part of the pre-isolation stage for the Australian International Gravitational
Observatory. Fig. 14 shows a schematic diagram of one-dimensional Roberts’s linkage pre-isolator. It consists
of a rigid frame attached to two wires in the form of a W-shape, where the sidelines represent the two
suspension wires and the central inverted V is the rigid frame. The isolator works by causing the mass
suspension point P to move in an almost flat horizontal plane, so that the suspended mass gravitational
potential energy is almost independent of displacement. Small modifications in the geometry (such as
moving point P slightly above or below the plane of the suspension points) allow point P to move in a very
shallow arc.

4. Euler column isolators

4.1. Buckling and post-buckling of Euler column

An Euler spring is a column of spring steel material that is compressed elastically beyond its buckling load.
The analysis of finite deflections of prismatic elastic columns after buckling was developed by Euler [112]
using elliptic integrals. The shape of the elastic curve in the post-buckling state is referred to as the elastica.
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The stability theory of buckled and post-buckled elastic structural elements under static load is well
documented in many Refs. [113–128]. It was demonstrated that the neighborhood of an equilibrium state
could be explored analytically by means of a perturbation approach. The most important problems include
the post-critical behavior, which involves stability analysis in the vicinity of bifurcation points. Schmidt and
Da Deppo [129] presented an assessment of the classical work on large deflection of non-shallow arches.
Traditionally, buckling is regarded as a failure criterion of structures. However, the post-buckling behavior of
flexible rods is of practical interest if one considers the resulting axial displacement. Buckling loads and post-
buckling behavior are very important to structural design.

The critical (Euler) buckling load, PE, of a prismatic column primarily depends on their boundary
conditions and the following four cases are well documented in the literature (see e.g., Ref. [115]):
(i)
 For the clamped–free column, PE ¼ p2EI/4l2.

(ii)
 For the pin-ended column, PE ¼ p2EI/l2.

(iii)
 For clamped–pin column, PE ¼ 20.19p2EI/4l2.

(iv)
 For clamped-ended column, PE ¼ 4p2EI/l2.
where E is Young’s modulus of elasticity, I is the area moment of inertia, and l is the length of the column. The
shape of a buckled pin-ended column is the same curve as the center section of the buckled clamped-ended
column between the points of inflection, which in this case is half the length.

The mechanics of elastica of different geometries, including statics and dynamics problems, is treated in
Refs. [130–132]. The dynamic elastic stability of the Euler beam under deterministic and random parametric
(axial) excitations is also documented in Refs. [133–136]. Woinowsky-Krieger [137] determined the natural
frequency for simply supported beam, with an axial load that is below the value of the critical buckling load.
Burgreen [138] estimated the first mode natural frequency and its dependence on the amplitude for post-
buckling of a simply supported column. Other cases with different boundary conditions were considered in
several studies [139–144]. It was found that the nonlinear natural frequency of a beam with a constant axial
load or with a constant distance between its ends increases with the amplitude of vibration.
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Nonlinear analyses of post-buckling of rods include the determination of the critical buckling load for
different types of boundary conditions and stability under high-frequency axial excitation [145–153]. Early
works by Chelomei [154,155] showed that a buckled beam could be stabilized by adding a high-frequency axial
excitation. A heavy mass was mounted on a simply supported elastic rod and caused the rod to buckle.
However, with high-frequency axial excitation applied to the mass, the rod was reported to straighten out.
Jensen [149] considered the same problem and developed a nonlinear analysis allowing the effect of high-
frequency excitation on straight and buckled positions. The nonlinear analysis revealed that stable buckled
(quasi-static) equilibria could co-exist for loads almost as low as the original buckling load. With co-existing
straight and buckled positions, the actual configuration was found to depend on the initial conditions. For
example, if the beam is situated in a buckled position, then adding high-frequency excitation will not have any
apparent effect on the system apart from adding small fast vibrations. Only if the beam was guided away from
the buckled position, it can attain the stabilized straight position. Yabuno and Tsumoto [153] experimentally
clarified that high-frequency excitation changes the nonlinear property of the bifurcation from supercritical
pitchfork bifurcation to subcritical pitchfork bifurcation. Then the stable steady state of the beam exhibits
hysteresis as the compressive force is reversed.

One of the recent applications of the Euler spring is its utilization as a vertical isolator. A major
advantage of the Euler spring is that it stores negligible static energy below its working range
thereby minimizing both the stored elastic energy density and the spring mass required to support the
suspended test mass [5,156]. This feature makes Euler springs an excellent candidate as a vertical isolator.
A schematic diagram of the Euler spring isolator is shown in Fig. 15(a). As the flat spring blade starts to
buckle, the bulk of the blade can be offset in either one of two directions. If it is mounted in the
pivoted support structure shown in Fig. 15(a) then the effect of offset in one direction is markedly different
from the effect of offset in the other direction. If the offset occurs towards the pivot then very low (and
even negative or unstable) spring stiffness is obtained as indicated by curve 1 shown in Fig. 15(b). On the
other hand, if the offset occurs away from the pivot then much higher spring stiffness is achieved as indi-
cated by curve 4 in Fig. 15(b). If a pair of matched spring blades is employed with one going in each direction,
then the spring stiffness shown by curve 3 is graphically indistinguishable from what it would have been
if it had been constrained to move linearly rather than in the rotating support structure actually employed.
It follows that by choosing an appropriate ratio between the bending stiffness of the blade(s) moving
towards the pivot to those moving away, a suitable mix of curves 1 and 4 can be reached yielding a much
reduced spring stiffness as given by curve 2. The next sub-section describes the elastica and axial stiffness of
the Euler column.

4.2. Exact and approximate axial stiffness

In order to establish an accurate modeling of the Euler spring dynamic characteristics, the basic relations of
elastica and axial stiffness of a simply supported column will be presented. The presentation includes both
exact and approximate analyses. Some nonlinear analyses of elastica have been developed in Refs.
[106,148,157,158].

4.2.1. Exact analysis

Consider a uniform straight beam of length l shown in Fig. 16(a). Under an axial compressive load P, the
column buckles with deflection v(x) and its end moves by distance e. Consider an elemental length dx whose
original position is a–b, which assumes the position a0–b0 and length ds under the action of the compressive
load P as shown in Fig. 16(b). The x- and y-displacements are related as follows:

ds

dx

� �2

¼ 1þ
du

dx

� �2

þ
dv

dx

� �2

. (8)

The linear strain is

� ¼
ds

dx
� 1. (9)
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Fig. 15. Post-buckling Euler beam vertical isolator: (a) Euler column isolator showing its mount and its buckling columns is away from
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Let the tangent at any point make an angle y with the x-axis. Since cos y ¼ 1þ ðdu=dxÞ
� �

ðdx=dsÞ, Eq. (9)
takes the form

� ¼ 1þ
du

dx

� �
1

cos y
� 1 ¼ �

P cos y
EA

. (10)

The bending moment equation is

EI
dy
ds
¼ EI sin y

dy
dv
¼ �Pv. (11)

From which one can write EI sin y dy ¼ �Pv dv. Let c2 ¼ EI/P, one can write

vdv ¼ �c2 sin ydy. (12)
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At y ¼ 0, the angle y ¼ a, and upon integrating Eq. (12), gives

v ¼ c
ffiffiffi
2
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

cos y� cos a
p

. (13)

Replacing sin y by dv/ds in Eq. (12) gives

ds ¼ �c2
dy
v
¼ �

cffiffiffi
2
p

dyffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos y� cos a
p ¼ �

c

2

dyffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin2ða=2Þ � sin2ðy=2Þ

q . (14)

Introducing the transformation k ¼ sin(a/2) and sin(y/2) ¼ k sinf, from which one can write cos(y/2) dy/
2 ¼ k cosf df. Substituting for dy in Eq. (14) gives

s ¼ �c

Z 0

f

dfffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2 sin2 f

q ¼ c

Z f

0

dfffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2 sin2 f

q ¼ cF ðk;fÞ, (15)

where F(k,f) is the elliptic integral of the first kind and is a function of the modulus, k, and the amplitude f.
Eq. (13) reduces to the form [121]

v ¼ 2c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin2

a
2
� sin2

y
2

r
¼ 2ck cos f. (16)

To determine x in terms of f we use the relationship dx ¼ cos y ds or

dx ¼ ð1� 2k2 sin2 fÞ
cdfffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� k2 sin2f
q .

Upon integration one can write

x ¼ c

Z f

0

2ð1� k2 sin2fÞ � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2 sin2f

q df ¼ 2c

Z f

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2 sin2f

q
df� c

Z f

0

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2 sin2f

q df

¼ c½2Eðk;fÞ � F ðk;fÞ�, (17)

where Eðk;fÞ ¼
R f
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2 sin2 f

q
df is the elliptic integral of the second kind. At the ends of the rod, y ¼ a,

the value of f ¼ p/2, and at the column midpoint, i.e., at the maximum deflection, we have y ¼ f ¼ 0. Thus,
the distance between the ends of the rod, 2a, is

2a ¼ 2c½2EðkÞ � KðkÞ� ¼ l � e. (18)

The maximum deflection and the total length of the rod are, respectively,

v0 ¼ 2ck ¼ 2
l

p

ffiffiffiffiffiffi
PE

P

r
sinða=2Þ. (19)

l ¼ 2cKðkÞ, (20)

where KðkÞ ¼ F ðk; ðp=2ÞÞ and EðkÞ ¼ Eðk; ðp=2ÞÞ are the complete elliptic integral of the first and second kind,
respectively. The actual axial displacement, e, is

e ¼ l � 2a ¼ 2cKðkÞ � 2c½2EðkÞ � KðkÞ� ¼ 4c½KðkÞ � EðkÞ�. (21a)

For simply supported column, the above expression takes the form

e ¼ 4
l

p

ffiffiffiffiffiffi
PE

P

r
½KðkÞ � EðkÞ�. (21b)

One can estimate the axial stiffness ka ¼ dP/de from Eq. (21b), which gives

ka ¼
p
2l

P

PE

ffiffiffiffi
P
p

KðkÞ � EðkÞ½ �
. (22)
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The normalized displacement is

e

l
¼ 2 1�

EðkÞ

KðkÞ

� �
. (23)

These exact results will be compared with the approximate analysis described in the next sub-section.

4.2.2. Approximate analysis

The approximate analysis is based on an approximate expression of the column curvature, k ¼ dy/dx. The
bending moment may be written in the form [121]

M � EIðdy=dxÞ ¼ �Pv. (24)

Consider the sum of the energy due to contraction, bending, and the work done due to the axial load [121]

V ¼
P2

2EA

Z l

0

cos2 ydxþ
1

2
EI

Z l

0

dy
dx

� �2

dxþ Pðul � u0Þ, (25)

where u0 and ul are the end-displacements at x ¼ 0 and l, respectively. From Eq. (10) one can write

e ¼ �ðul � u0Þ ¼

Z l

0

1� cos yþ
P cos2y

EA

� �
dx. (26)

Substituting Eq. (26) into Eq. (25), gives

V ¼
1

2
EI

Z l

0

dy
dx

� �2

dx�
P2

2EA

Z l

0

cos2ydx� P

Z l

0

ð1� cos yÞdx. (27)

Expanding cos y in a power series and keeping terms up to fourth-order, gives

V ¼ �
P2l

2EA
þ

1

2
EI

Z l

0

dy
dx

� �2

dx�
1

2
P 1�

P

EA

� �Z l

0

y2 dx�
1

24
P 1�

4P

EA

� �Z l

0

y4 dxþHOT, (28)

where HOT stands for higher-order terms. For simply supported column, the shape function may be written in
the form

yðxÞ ¼ a cos ðpx=lÞ. (29)

Substituting Eq. (29) into Eq. (28) and evaluating the integrals gives

V ¼ �
P2l

2EA
þ

l

4
PE � P 1�

P

EA

� �� �
a2 þ

1

64
Pl 1�

4P

EA

� �
a4 þHOT. (30)

where PE ¼ p2EI/l2. Since the buckled mode is in static equilibrium, we have, qV/qa ¼ 0, which gives

PE � P 1�
P

EA

� �
þ

P

8
1�

4P

EA

� �
a2 þHOT ¼ 0. (31)

To determine the axial displacement, e, Eq. (26) is used after replacing cos y and cos2 y in power
series, i.e.,

e ¼

Z l

0

1� 1�
y2

2
þ

y4

24

� �
þ

P

EA
1� y2 þ

y4

3

� �� �
dxþHOT

¼
Pl

EA
þ

1

2
1�

2P

EA

� �Z l

0

y2 dx�
1

24
1�

8P

EA

� �Z l

0

y4 dxþHOT. (32)

Substituting Eq. (29) and evaluating the integrals gives

e ¼
Pl

EA
þ

l

4
1�

2P

EA

� �
a2 þHOT. (33)
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Ignoring higher-order terms, one can solve for a2 and then substituting in Eq. (31) gives

PE � P 1�
P

EA

� �
þ

P

2
1�

4P

EA

� �
ðe=lÞ � ðP=EAÞ
� �
1� ð2P=EAÞ
� � ¼ 0. (34)

Solving Eq. (34) for e/l, gives

e

l
¼

P

EA
þ 2

1� ð2P=EAÞ
� �
1� ð4P=EAÞ
� � 1�

P

EA
�

PE

P

� �
�!

EA!1
2 1�

PE

P

� �
. (35)

Thus the axial stiffness, ka, of the post-buckling curve at P ¼ PE is

ka ¼
dP

de

� �
P¼PE

¼
1

2

PE

l
. (36)

Comparing this approximate expression with the exact stiffness given by Eq. (22) reveals that the exact
stiffness is a nonlinear function of the applied load.

The relationship between the axial displacement, e, and the lateral deflection, v, can be obtained by using the
approximate relationship of the bending moment, Eq. (24), which gives after using Eq. (29)

vðxÞ ¼
pEI

Pl
a sinðpx=lÞ ¼ v0 sinðpx=lÞ. (37)

The maximum deflection, v0, occurs at the mid-length of the column and has the value

v0 ¼
pEI

Pl
a. (38)

For a very large value of EA the value of a is obtained from Eq. (33) in the form, after using Eq. (35)

a ¼ 2

ffiffiffi
e

l

r
¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 1�

PE

P

� �s
. (39)

Substituting Eq. (39) into Eq. (38) gives the dependence of the lateral deflection on the applied load

v0 ¼
pEI

Pl
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 1�

PE

P

� �s
¼

2l

p
PE

P

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 1�

PE

P

� �s
. (40)

Comparing the approximate Eq. (40) with the one given by the exact value of Eq. (19) reveals that as the
applied load increases, the exact lateral deflection given by Eq. (19) is greater than the approximate one given
by Eq. (40). Most of the analyses of Euler spring isolator reported in the literature are based on the
approximate Eqs. (36) and (40). No attempt has been made to use the exact analysis.

Note that for the case of clamped–clamped column, the dependence of the applied load (normalized to the
critical buckling load) on the axial displacement (normalized to the Euler spring length) beyond the initial
onset of buckling at critical load is governed by the relationships

F ¼ 4KðkÞ2=p2; x ¼ 2 1�
EðkÞ

KðkÞ

� �
, (41)

where the modulus k ¼ sin(a0/2), K(k) and E(k) are the complete elliptic integrals of the first and second kind,
respectively, and a0 is the maximum angle between the tangent at the inflection points and the axis between the
two inflection points for the case of clamped–clamped column.

4.3. Techniques of reducing resonant frequencies

One of the basic requirements of vibration isolators is to reduce the system restoring force, which results in a
reduction of the resonant frequency. Some techniques have been developed to reduce the isolator resonant
frequency. These include the curved cantilever springs for gravitational wave applications [159,160] and the
triangular pre-bent cantilever springs [83,161–164]. Figs. 17(a) and 17(b) show two examples for reducing the
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Fig. 17. Techniques of reducing resonance frequencies by using anti-spring and nonlinear mechanisms: (a) cantilever beam with end

magnets: 1—static equilibrium position, 2—opposing magnets anti-spring, 3—smaller cantilever, 4—mass load. (b) torsional rod isolator:

1—torsion rod (end view), 2—suspension links, 3—crank arm, 4—mass load [5,168].
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static energy stored in a cantilever beam and torsion-crank, respectively. The reduction of resonant frequency
of these systems is discussed in the next sub-sections.
4.3.1. Cantilever with magnetic anti-spring

The cantilever beam can preserve constant stress over its surface if it has a triangular shape as seen from the
top view with the wide base attached to the base and the triangle apex at the free end. This isolator was first
proposed for use in gravitational wave detectors by Blair et al. [159] and later considered by Ju et al. [165] and
Ju and Blair [160]. The free end of the cantilever beam is fitted with magnets, which strongly repel and try to
drive the mass away from the normal operating position [166]. The issue of creep in metal cantilever spring
suspension systems was considered together with some long-term observations of inelastic creep in carbon
steel cantilever spring vibration isolators [167]. The vertical resonant frequency can be reduced by softening
the cantilever around its working point by means of a magnetic system anti-spring mounted at the free end.
The working principle of a magnetic anti-spring may be demonstrated by considering the system shown in
Fig. 18, which consists of two magnets facing each other. When the magnets are perfectly aligned a repulsive
force has a vanishing vertical component. If one of the magnets is moved in the vertical direction, a vertical
component of the repulsive force emerges. For a vertical relative displacement, y, small with respect to the
separation d of the magnets effective centers, the vertical component, Fy, of the repulsive force is proportional
to y as

Fy ¼ F0 sin a � F 0y=d, (42)

where F0 is the modulus of the repulsive force. This arrangement is equivalent to a vertical spring with a
negative elastic stiffness (anti-spring) whose stiffness is F0/d and the unstable equilibrium position is where the
magnets are perfectly aligned. The anti-spring characteristics are governed by the anti-springs’ position and
temperature. Fig. 19 shows the dependence of the vertical resonant frequency on the magnets’ vertical offset
for three different horizontal separations between the two magnets at 30 1C. It is seen that the anti-spring
system can be easily tuned so as to obtain the required natural frequency. When the separation between the
magnets is reduced the minimum resonant frequency, obtained with perfectly aligned magnets, decreases and
the frequency versus vertical offset parabola becomes sharper. When the horizontal separation between the
magnets is too small the isolator becomes bistable, i.e., possesses two stable equilibrium vertical positions,
which are symmetric with respect to the zero vertical offset. Fig. 20 shows the effect of environment
temperature on the natural frequency of the isolator. The permanent magnetic field of the anti-spring magnets
decreases when the temperature increases because of the thermal flipping of a fraction of magnetic domains.
Note that the frequency fluctuation may arise because the isolator vertical equilibrium position experiences
temperature-induced variations. The variations in the vertical resonant frequency of the isolator for small
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Fig. 19. Dependence of the natural frequency on the magnets’ offset for different values of horizontal separations between: � d ¼ 9.6mm,

Bd ¼ 9.2mm, &d ¼ 9.0mm [166].

Fig. 18. Working principle of the anti-spring system: as the magnets are displaced one with respect to the other in the vertical direction,

a vertical repulsive force component appears [166].
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variations in the temperature, DT, and the vertical offset, Dy, were evaluated by the formula

Df 0 ¼
qf 0

qy


y0;T0

Dy

DT
DT þ

qf 0

qT


y0;T0

DT . (43)

The anti-restoring force, generated by the repelling force of the magnets, has a direct effect on the overall
stiffness of the isolator. When this force is added to the normal restoring force of the cantilever beam, it
produces a region of reduced gradient on the force displacement curve as shown in Fig. 21. It is seen that by
operating over the flattened region of the curve, the natural frequency significantly drops. Winterflood and
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Fig. 21. Force–displacement relationship in the presence of anti-spring magnets [92,5].

500

400

300

200

100

0

600

-1.5-2 -1 0 1 1.5-0.5 0.5 2

Magnets vertical offset (mm)

V
er

tic
al

 r
es

on
an

t f
re

qu
en

cy
 (

m
H

z)

Fig. 20. Dependence of the vertical natural frequency of the isolator on the magnets’ vertical offset for five values of different

temperatures: ET ¼ 24.8 1C, DT ¼ 26.8 1C, JT ¼ 31.0 1C, �T ¼ 36.0 1C, +T ¼ 42.0 1C [166].
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Blair [168] pointed out some disadvantages of the magnetic anti-springs such as difficulty in achieving good
spring stiffness neutralization over a wide range of operating conditions.

A vibration isolation system using a zero-power magnetic suspension system was proposed in
Refs. [169–172]. A zero-power magnetic suspension system was shown to behave as if it has a negative
stiffness. Furthermore, an infinite stiffness against disturbance on the isolation table can be achieved by
combining it with a mechanical spring. The basic principle is based on a serial spring consisting of a normal
spring in series with a spring whose stiffness is negative. If the absolute value of the stiffness of the normal
spring is equal to that of the negative spring, the total stiffness of the serial spring becomes infinite.
Accordingly, if a direct disturbance acts on the isolation table, the table will have no steady-state
displacement.

4.3.2. Torsion-crank linkage

The torsion-crank linkage shown in Fig. 17(b) makes use of the nonlinearity produced by a torsion-sprung
crank arm connected to a suspension link. The loaded end is constrained to move in a vertical line. The torsion
rods are pre-stressed to provide an upward acting torque on the crank arms. By fixing the crank-arm length,
r, the parameters that govern the force–displacement characteristics are (i) the length l of the supporting link,
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Fig. 23. Dependence of the resonant period on the mass displacement for different values of pre-stress angle [92,168].

Fig. 22. Force–displacement relationship for different vales of pre-stress angle [92,168].
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(ii) the offset distance, x, from the crank-arm center to the vertical path followed by the end of the link, and
(iii) the amount of pre-stress, f, in the torsion rod. The pre-stress angle, f, is the angle turned by the crank
arm from being unstressed to being horizontal.

The dependence of the force on the vertical mass displacement, y(a), for different values of the pre-stress
angle, f, and for l ¼ x ¼ r, is shown in Fig. 22. It is seen that as the pre-stress angle is increased the degree of
nonlinearity becomes more pronounced until qF/qy becomes zero and then negative. Fig. 23 shows the
dependence of resonant period on the vertical position of the mass for l ¼ x ¼ r ¼ 25 cm and for different
values of pre-stress angle. The nonlinearity observed in Fig. 22 owes its origin to the geometrical analysis of
the vertical displacement. The vertical position, y, of the mass is related to the angle a through the relationship

yðaÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12 � ðx� r cos aÞ2

q
� r sin aþ Const: (44)
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The strain energy, V(a), stored in the torsion rod is

V ðaÞ ¼
1

2
kaðf� aÞ2, (45)

where ka is the angular stiffness of the torsion rod. The force acting in the vertical direction, F(a), is given by
the gradient of the stored energy, i.e.,

F ðaÞ ¼
qV

qy
¼

qV

qa
qa
qy
¼

kaðf� aÞ
qy=qa

. (46)

The period of natural oscillation is

T ¼ 2p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½F ðaÞ=g�

ðqF=qaÞðqa=qyÞ

s
¼ 2p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðaÞy0ðaÞ

gF 0ðaÞ

s
. (47)

Note that both F(a) and F0(a) are proportional to the torsional spring stiffness, ka. Accordingly, the period
given by Eq. (47) is independent of ka, but depends on y0(a) and the gravitational acceleration, g. In order to
achieve a constant value of the resonant period for a small vertical motion, it is necessary to select an
operating point where the resonant period is at a turning point, i.e., qT/qy ¼ (qT/qa)(qa/qy ¼ 0). Since qa/qy is
slowly varying and non-zero near the operating point, one may solve for qT/qa ¼ 0 as estimated from Eq. (47)

F 0ðaÞy0ðaÞ � F ðaÞF 00ðaÞy0ðaÞ þ F ðaÞF 0ðaÞy00ðaÞ ¼ 0. (48)

Substituting Eqs. (44) and (46) in Eqs. (47) and (48) gives lengthy expressions. In an attempt to obtain an
optimum geometry for which the resonant frequency is minimized over the largest possible vertical range,
Winterflood and Blair [166] searched the space of solutions of Eqs. (47) and (48). It was found that the special
geometry generated by a line of solutions with q3F/dy3 ¼ 0, gives rise to a false optimum because it is
associated with a horizontal instability over part of the operating region. Note that the symmetric opposing
cranks become horizontally unstable over approximately the upper half of the vertical range. Horizontal
motion occurs when both crank arms turn the same way allowing one arm to rise and the other fall. This
horizontal instability was eliminated by adding constraints to limit motion to vertical translation only.

4.3.3. Monolithic geometric anti-spring system

Bertolini et al. [173] proposed the use of triangular cantilever blades coupled to inclined links to generate
geometrical anti-spring effect. Fig. 24 shows a four-blade prototype in which the blade clamps are mounted on
rotating and sliding supports. The load is attached to the disk center by means of a wire. The dependence of
the system natural frequency on the vertical disk position is shown in Fig. 25 for different blade translations.
The different curves correspond to different distances between the plate extremity to the clamped blade
Fig. 24. Schematic diagram of a four-blade anti-spring prototype: ‘‘A’’ stressed blade, ‘‘B’’ link wire, ‘‘C’’ load disk, ‘‘D’’ angular

movement of the blade base, ‘‘E’’ radial movement of the blade base, ‘‘F’’ anti-tilt tower, ‘‘G’’ anti-tilt centering wire, ‘‘H’’ suspension

wire, ‘‘I’’ load [173].
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Fig. 26. Schematic view of a complete monolithic geometric anti-spring isolator for vertical noise attenuation [177].

Fig. 25. Dependence of the vertical resonant frequency on the plate vertical distance of four-blade system: &x ¼ 29574mm,
Jx ¼ 29674mm, nx ¼ 29774mm, - - - - simulation with x ¼ 300mm, and — simulation with x ¼ 302mm [173].
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extremity (the x-coordinate of the wire). It is seen that the frequency minima positions have a weak
dependence on the blade positioning while the values of the vertical resonant frequency showed a rapid
decrease. Passive isolation was achieved for all six degrees of freedom with an inverted pendulum and a chain
of single wire pendulums whose masses were geometrically anti-spring filters [174,175]. Specifically the
magnetic anti-spring concept allows significant increase in the vertical attenuation and thermal stability of a
seismic attenuation system [173,175]. Wang et al. [176] developed a low-power non-contacting force actuator
to control the advance Laser Interferometer Gravitational Wave Observatory and TAMA inverted pendulum
motions and to damp the seismic attenuation systems.

The monolithic geometric anti-spring concept, introduced by Cella et al. [177], provided significant
improvement of the performance of geometric anti-spring systems for vertical noise attenuation. Fig. 26 shows
a schematic view of a complete monolithic geometric anti-spring filter made of three quasi-triangular blades
radially disposed and connected together at their vertices. The base of the blade is clamped to a massive
structure and subjected to an external force on the tip due to the load and the other radially arranged blades.
The horizontal component compresses and bends the blade longitudinally. The low-frequency behavior of this
isolator provides a singularity in the space of tunable parameters such as load and geometrical constraints,
which are associated with a vanishing vertical stiffness. The fundamental limitations associated with the
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Fig. 28. Schematic diagram of two spring pairs in parallel of the elastica suspension isolator [179].

Fig. 27. (a) Force–displacement relationship, (b) expanded section of the gray area including the frequency characteristics of ideal

buckling [5].
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properties of the blade material such as Maraging1 steel were explored by DeSalvo et al. [178]. It was reported
that effects such as anomalous damping and hysteresis were caused by the movement of dislocations trapped
between Maraging steel inter-metallic precipitates.

4.4. Natural frequency of Euler spring

Based on the approximate Eq. (36) of the axial stiffness of the Euler spring, the natural frequency under a
weight equals to the critical buckling load, PE ¼ mg, is oe ¼

ffiffiffiffiffiffiffiffiffi
g=2l

p
, where l is the length of the Euler spring.

Note that the natural frequency of a simple pendulum or mass–spring system is given by the well-known
relation, oe ¼

ffiffiffiffiffiffiffi
g=l

p
, where l is the length of the pendulum or the static deflection of the coil spring. Thus, the

suspended mass moves as though it was suspended by a linear spring whose static deflection is twice the length
of the Euler spring. Fig. 27 demonstrates that if the working range is designed to begin just at the onset of
buckling, then all of the energy stored by the spring is the dynamic energy within the gray area.

Shoup [179] developed a nonlinear elastic suspension vibration isolator consisting of a pair of flexible strips
each having length L. The two strips are clamped in a semicircular shape as shown in Fig. 28. If the mass, m, is
1Maraging steel possesses superior strength and toughness without losing malleability.
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forced downward by a load, P, the upper strip deflects into a shape called the nodal elastica, while the lower
strip deforms into a shape known as the undulating elastica. The equations of these elastica curves are well
documented in Frisch-Fay [116]. Shoup [179] utilized these equations to evaluate the load–deflection curves
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Fig. 29. Nondimensional load–deflection curve for the elastica suspension spring pair [179].
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Fig. 30. Amplitude–frequency response of the elastica suspension system, the backbone curve represents the dependence of the natural

frequency on the response amplitude: X1/L ¼ 0.1 ——, ¼ 0.1 – – –, ¼ 0.1 ——, ¼ 0.0 [179].
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shown in Fig. 29. Note that the stress in the strips is caused by the combined effects of bending and simple
tension or compression. The natural frequency for small deflection was given in the form

on ¼ 285

ffiffiffiffiffiffiffiffiffi
nEI

mL3

r
, (49)

where n ¼ 2 is the number of spring pairs in parallel. The elastic springs are doubly clamped beams and
possess a beam natural frequency apart from the suspension dynamics. However, elastica springs do not
perform as desired when the frequency of suspension motion is near to the beam natural frequency. Shoup
[179] numerically estimated the response of the elastica suspension under a sinusoidal excitation,
x1(t) ¼ X1 sinot, and his results are shown in Fig. 30. The backbone curve represents the dependence of
the natural frequency on the response amplitude and it exhibits hard nonlinearity.
Fig. 31. Anti-spring concept: (a) anti-spring (inverted pendulum) to reduce the resonant frequency of Euler springs, (b) assembly drawing

of the vertical Euler isolator showing the geometric inverted pendulum plates: 1—central tube, 2—to supporting platform, 3—suspension

point, 4—tall plate, 5—rotational arm, 6—Euler springs, 7—lower spring clampless attached to the central tube, 8—to suspended mass

[5,183].
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The results of large deflection of a flexible bar were utilized to evaluate the deformation of an elastic ring
subjected to two opposite radial compressive loads [116]. Later, Shoup and Simmonds [180] developed
nonlinear suspension systems with adjustable stiffness rate.

Fig. 31(a) shows a schematic diagram of the Euler spring isolator and an inverted pendulum of height h as
an anti-spring to reduce the resonant frequency of the isolator. Fig. 31(b) shows the assembly drawing of the
isolator with eight Euler springs [181,182]. The reduction of the effective spring stiffness was explained by
Winterflood et al. [5]. The arrangement of Fig. 31(a) has the merit that only very small forces are placed on the
pivot allowing a lightweight structure and a very thin flexure to serve as the pivot. Under a vertical force, f,
acting in one suspension wire, the inverted pendulum produces an anti-rotational spring rate of fha/a ¼ fh.
The normal rotational spring-rate due to the Euler springs is ra(f/2l)r/a ¼ r2(f/2l). Upon equating the two rates
one obtains the required design to achieve spring-rate cancellation, i.e., (h/r) ¼ (r/2l).
Fig. 32. Schematic diagram of a three-stage low-frequency isolator: 1—0.8mm thick, 8 springs 140mm long each, 2—input geophones

(vertical and horizontal), 3—shadow sensor, 4—8 springs (0.7mm thick and 148 long), 5—beam weights (added in latter part of

experiment to increase moment of inertia of top masses, 6—8 springs (0.6mm thick, and 166mm long, 7—output geophones cradle,

8—shadow sensor [183].
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Dumas et al. [183] presented the performance of a three-stage low-frequency vibration isolation chain as
shown in Fig. 32. The isolator was originally developed for use in the Australian International Gravitational
Observatory, where each stage was a combination of a vertical Euler-spring stage and a self-damped
pendulum. Experimental results demonstrated that all horizontal normal modes including the fundamental
pendulum mode were strongly damped. The transfer functions of the vertical and horizontal isolations are
shown in Figs. 33(a) and (b), respectively. The plots show measured and predicted transfer functions based on
assumed quality factor Q ¼ 50. Fig. 33(b) shows the dashed curve for Q ¼ 20. The self-damping mechanism
was found to significantly reduce the pendulum normal mode peaks except for the lowest mode.

The buckled or pre-bent column with fixed ends, used as a vibration isolator, was analyzed by Virgin and
Davis [184] and Plaut et al. [185]. The column was modeled as an extensible elastica, which allows large
displacements in equilibrium. Small axial base excitations were considered. It was found that for sufficiently
low damping and sufficiently high column stiffness, the axial transmissibility curves exhibit an infinite number
of peaks. Plaut et al. [186] considered another system consisting of two bars hinged together through a
rotational spring and a rotational dashpot with one end subjected to axial excitation. The equation of motion
of the system included nonlinear inertia and nonlinear parametric excitation. The equation of motion was
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found to possess no stable trivial solution if the static axial load is greater than the critical load. The
bifurcation diagram exhibited chaotic motions, which occur for most of the frequencies over the range
onoOo2on, where on is the natural frequency and O is the excitation frequency.

5. Gospodnetic–Frisch-Fay beam isolator

The static deflection curve of a thin elastic beam forced to deform by three symmetrical frictionless knife-
edged supports, was analyzed by Gospodnetic [187] and documented by Frisch-Fay [116]. Since the beam is
inextensible, there is no limitation on its deflection, and a closed form solution for the deflection curve was
given in terms of elliptic functions. Fig. 34 shows a schematic diagram of a beam similar to the
Gospodnetic–Frisch flexible beam. It is free to slide on two knife-edged supports under the action of the load
P. This beam can be used as a resilient isolator between the machinery and the base in marine vessels. The
beam can also model a load carrying bearing for pressure pipelines against earthquake ground motion
[188,189].

As the load, P, increases both the beam length, L, and the end slope angle, c0, increases simultaneously. d

denotes the displacement at the mid-span, x ¼ l/2. The two supports A and B are knife edged supports
separated by distance l. Note that L and l are only equal when the beam is horizontal without any sag. The
deflection of the beam may be written in terms of the slope angle c as [116]

dc
ds
¼

M

EI
¼

P

2EI
½ðl=2� xÞ þ ðd � yÞ tan c0�, (50)

where M is the bending moment. Taking the derivative with respect to s, gives

d2c
ds2
¼ �k2 dx

ds
þ

dy

ds
tan c0

� �
, (51)

where k2
¼ P/2EI. Integrating both sides with respect to c, gives

1

2

dc
ds

� �2

¼ �k2
½sin c� cos c tan c0� þ C. (52)

At x ¼ l/2, the bending moment vanishes, i.e., ðdc=dsÞc¼c0
¼ 0, and thus C ¼ 0. Accordingly, Eq. (52) can

be written in the form

dc
ds
¼ k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðcos c tan c0 � sin cÞ

p
¼ sin c

dc
dy
¼ cos c

dc
dx

. (53)

From Eq. (53) it is possible to write

dx ¼ cos cds ¼ cos c
dc

k½2ðtan c0 cos c� sin cÞ�1=2
, (54)

dy ¼ sin cds ¼ sin c
dc

k½2ðtan c0 cos c� sin cÞ�1=2
. (55)
y

l
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Fig. 34. Schematic diagram of deflected under static load of a flexible beam and free to slide at two knife edge supports.
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Introducing the transformation of variables cos f ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin ðc0 � cÞ

p
and cos f0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
sin c0

p
, and integrating

Eqs. (54) and (55) gives

l ¼
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos c0

p
k

ffiffiffi
2
p

cos c0 cos f0 þ sin c0F 1=
ffiffiffi
2
p

;f0

� �� �
, (56)

y ¼ d ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos c0

p
k

ffiffiffi
2
p

sin c0 cos f0 � cos cF 1=
ffiffiffi
2
p

;f0

� �� �
, (57)

where Fðf0Þ ¼ 0:8472þ F 1=
ffiffiffi
2
p

;f0

� �
� 2E 1=

ffiffiffi
2
p

;f0

� �
. In order to define the force–deflection relationship,

Eqs. (56) and (57) may be written in the form

Pl2

EI
¼ 8 cos c0

ffiffiffi
2
p

cos c0 cos f0 þ sin c0F 1=
ffiffiffi
2
p

;f0

� �� �2
, (58)

d

l
¼

1

2

ffiffiffi
2
p

sin c0 cos f0 � cos c0F 1
� ffiffiffi

2
p

;f0

� �
ffiffiffi
2
p

cos c0 cos f0 þ sin c0F 1
� ffiffiffi

2
p

;f0

� � . (59)

The non-dimensional load, Pl2/EI, and deflection, d/l, are plotted in terms of the end slope angle c0 in
Fig. 35, [190]. It is seen that by increasing the load the end slope angle is increased and reaches a point where
the vertical component of the support reaction is no longer able to support the vertical load. When this
happens the beam will slip through without return. It is seen that the maximum load (Pl2/EI)max ¼ 6.672
is reached at the end slope angle c0 ¼ 38.31. For every load less than the maximum value there are
two different values of the slope angle, c01o38.31 and c02438.31. For all values of the slope angle c01o38.31,
the beam strain energy is larger than the work done by the static load, and thus the beam is stable. On the
other hand, for all values of c02438.31 the work done of the static load exceeds the corresponding elastic
restoring energy and thus the beam enters into the unstable state. For any load greater than the maximum
value (Pl2/EI)4(Pl2/EI)max the beam becomes unstable and begins to slide and slips off the supports in the
absence of friction or constraint forces. Note that the restoring elastic force of the beam is analogous to the
roll restoring moment of ships where it vanishes when the value of the roll angle reaches the capsizing value
(see, e.g., Refs. [191,192]).
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Fig. 35. Dependence of load and deflection on the end slope angle based on the exact solution showing the critical angle c0cr
¼ 38:3� at

which the beam becomes unstable [190].



ARTICLE IN PRESS
R.A. Ibrahim / Journal of Sound and Vibration 314 (2008) 371–452406
The above analysis provides the load and deflection in closed form in terms of elliptic functions. For the
dynamic analysis and to develop the equation of motion, Somnay et al. [190] expressed the load in terms of the
beam deflection rather than elliptic functions of the end slope angle. They found that the best is to be of order
11 in the form

Pl2

EI
¼ a1

d

l

� �
þ a3

d

l

� �3

þ a5
d

l

� �5

þ a7
d

l

� �7

þ a9
d

l

� �9

þ a11
d

l

� �11

, (60)
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Fig. 36. Amplitude–frequency response for different values of excitation amplitude: &: mono-periodic symmetric response, ’: mono-

periodic asymmetric response, K: period-doubling response, numerical integration. _______: response from multiple scales solution:

(a) excitation force amplitude f0 ¼ 0.02 and (b) excitation force amplitude f0 ¼ 0.04 [190].
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where ai are constants. Under a sinusoidal dynamic unbalance force, F(t) ¼ F0 sinOt, where F0 and O are the
excitation amplitude and frequency, respectively, the equation of motion of the system is

m €d þ
EIa1

l3
d þ

EIa3

l5
d3
þ

EIa5

l7
d5
þ

EIa7

l9
d7
þ

EIa9

l11
d9
þ

EIa11

l13
d11
¼ mgþ F ðtÞ, (61)

Alternatively, Eq. (61) can be written in terms of the displacement measured from the static equilibrium
position, S, i.e., y ¼ d�S. The static component is obtained from the static equilibrium position. The equation
of motion in terms of the dynamic displacement, ~y ¼ y=l, takes the form

€~yþ 2z_~yþ ~yþ c2 ~y
2 þ c3 ~y

3 þ c4 ~y
4 þ c5 ~y

5

þ c6 ~y
6 þ c7 ~y

7 þ c8 ~y
8 þ c9 ~y

9 þ c10 ~y
10 þ c11 ~y

11 ¼ f 0 cos nt, (62)

where t ¼ ont, f 0 ¼ F 0=ðmlo2
nÞ, n ¼ O/on, on is the linear natural frequency of the beam, and z is a linear

damping factor introduced to account for energy dissipation. Figs. 36(a) and (b) show the dependence of
response amplitude, a, on excitation frequency ratio for two different values of excitation level, f0 ¼ 0.03 and
0.04, respectively using the multiple scales method (solid and dashed curves). The unstable branches of the
response are shown by dashed curves while the stable manifold by solid curves. It is seen that for small
excitation amplitude, the response exhibits soft nonlinear characteristics. As the excitation amplitude increases
the soft behavior predominates and at f0 ¼ 0.04 the trend is mixed between soft and hard characteristics.
Fig. 36 shows numerical simulation plots where empty squares refer to symmetric single frequency response in
the time domain. This behavior is preserved over excitation frequency range 0onpn�, where n� is the
excitation frequency at the first saddle (turning) point. The numerical simulation reveals a jump to asymmetric
single frequency response designated by the solid square points. Asymmetry of the response was manifested
by a non-zero mean response in the time history record. As the excitation amplitude increases, say at f0 ¼ 0.04,
the response experiences bifurcation to period doubling designated by solid circle points as shown in
Fig. 36(b).

The existence of multiple solutions is dependent on initial conditions. This is realized from the numerical
simulation of the system original equation of motion. For different initial conditions the response can be
periodic symmetric with period one, or periodic asymmetric with period one or with period two, or chaotic.
ν

Fig. 37. Comparison of transmissibility of the nonlinear isolator and the linear isolator as a function of excitation frequency ratio:

— multiple-scales solution, JJJ numerical simulation, – – – linear isolator [190].
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It was found that the periodic symmetric response covers the entire range of excitation amplitude para-
meter, while the periodic asymmetric occurs over a limited range of excitation amplitude 0.02of0o0.028
for n ¼ 0.75. The chaotic regime is noticed over a very narrow window of excitation amplitude
0.028pf0p0.02875.

The system transmissibility, is given by the ratio

TRnl ¼
Ft

f 0

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F 2

te þ F 2
td

q
f 0

, (63)

where Fte is the elastic transmitted elastic force expressed in terms of the main harmonic component of
(nt+f), and Ftd is the damping transmitted force.

Fig. 37 shows comparison of the transmissibility of the nonlinear and linear isolators. The transmissibility
of the nonlinear isolator was predicted by the multiple-scales solution (shown by the solid curve) and
numerical simulation (shown by empty circles). It is seen that the nonlinear isolator outperforms the linear one
only over frequency range close to the system resonant frequency, i.e., nE1. For nb1 the transmissibility of
the two isolators is almost the same.

The influence of friction at the beam supports was considered by Ibrahim and Somnay [193] and it was
shown that when the excitation frequency is increased beyond resonance, the friction at the sliding supports
improves the transmissibility. The dependence of the response on initial conditions establishes the basins of
attraction for different values of friction coefficient and excitation parameters.

6. Base isolation of structures

6.1. Concept of base isolation

Seismic isolation of ground structures such as multi-storey buildings, nuclear reactors, bridges, and liquid
storage tanks are designed to preserve structural integrity and to prevent injury to the occupants and damage
to the contents by reducing the earthquake-induced forces and deformations in the super-structure. The
performance of these systems depends on two main characteristics:
(1)
 The capacity of shifting the system fundamental frequency to a lower value, which is well remote from the
frequency band of most common earthquake ground motions.
(2)
 The energy dissipation of the isolator.
Basically, all isolation systems can be classified into two main categories:
(1)
 Laminated-rubber bearing isolators with and without lead-core.

(2)
 Frictional-type sliding isolators.
The first category has several practical applications while the second is still in the early stage of
development. The idea of friction-base isolation is based on decoupling a structure from the damaging
components of earthquake motion by introducing flexibility and energy absorption capacity through a system
placed between the structure and its foundation [194]. Note that damping effect of friction-base isolators is
created by nonlinear mechanisms and the behavior of the structure is amplitude dependent. The compliant
elastomeric bearings and frictional sliding mechanisms installed in the foundations of seismically isolated
structures protect these structures from strong earthquakes through a reduction of stiffness and an increase in
damping [195]. Although rubber bearings have been extensively used in base-isolation systems, sliding
bearings have found increasing applications (see, e.g., [196–201]). Another class of base isolation of flexible
multi-storey shear-type buildings was proposed by Lin and Hone [202], Jangid [203,204] and Jangid and
Londhe [205] who introduced rolling rods with a re-centering device.

Several base isolation systems have been proposed and developed for various types of structures. The design
of base-isolated structures, including various types of materials to develop supplemental energy devices and
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the concept of energy dissipation, has been the subject of many studies [206–215]. Deb [216] presented an
overview of seismic base isolation.

Damper-bracing assembly has been recognized as one of the best schemes to be implemented for individual
buildings. In the case of adjacent buildings, damping devices are perhaps better utilized if they could be
installed between buildings because relative displacement between distinct structures is normally larger than
their respective inter-storey drifts provided the fundamental periods of the structures are quite different. This
coupling control was originated by Klein et al. [217] for large structures exposed to wind forces, and later it
was the subject of several studies [218–223]. Kobori et al. [224] provided a typical example of seismic control
between adjacent buildings in the form of bell-shaped hollow connectors.

Takeda et al. [225] evaluated the probability of failure of buildings and equipment for two fusion-reactor-
like buildings, with and without seismic base isolation. The probability of failure was calculated by
considering nonlinearity and rupture of isolators. While the probability of building failure for both buildings
on the same site was almost equal, the base-isolated building was found to have higher reliability than the non-
isolated building. Even if the base-isolated building alone is located on a higher seismic hazard area, it could
compete favorably with the ordinary one in reliability of equipment.

The next two sub-sections will address laminated-rubber bearing isolators and friction-base isolators.

6.1.1. Laminated-rubber isolators

Several studies considered the translational response analysis of two-dimensional idealized models of
structural buildings. This studies include parametric investigations of a base isolated building for different
types of isolation devices such the laminated-rubber bearing, the laminated-rubber bearing with lead core
known as the New Zealand system, the Electricite de France system [226], the resilient-friction-base isolator
system [227], and sliding resilient-friction (SR-F) system [228]. The resilient-friction-base isolator system uses
the parallel action resiliency of rubber and the friction of Teflon-coated steel plates. Hernried and Lei [229]
conducted comprehensive parametric studies to examine the effect of isolator friction coefficient, subsystem
(equipment, structure, isolator) natural period, subsystem damping, and the equipment/structure mass ratio
on the equipment response. It was shown that the resilient-friction-base isolator is, in general, effective in
reducing the accelerations in lightweight equipment components from the corresponding fixed base case.

The influence of parameter variations on the stochastic response of an asymmetric building isolated by a
resilient-friction-base isolator system was found to be less sensitive [230]. Jangid [231] obtained the optimum
damping of the resilient-friction-base isolator system under parameter variations, such as the coefficient of
friction of the resilient-friction-base isolator system, the period and damping of the superstructure, and the
effective period of base isolation. The criterion was based on minimizing the top floor rms acceleration. For
the purpose of accurately predicting the seismic response of base-isolated structures, Kikuchi and Aiken [232]
proposed an analytical hysteresis model for elastomeric seismic isolation bearings. The proposed model is
capable of predicting the mechanical properties of each type of elastomeric bearing into the large strain range.
In order to show the validity of the proposed model, nonlinear dynamic analyses were conducted to simulate
the earthquake simulator test results. Experimental and analytical results revealed that the model could be an
effective tool to predict not only the peak response value but also the force–displacement relationship of the
isolators and floor response spectra for isolated structures. The reader may consult Soong [233] for the state-
of-the-art of active control approaches.

Elasto-plastic dampers possess material nonlinearity as reflected from the hysteresis of the load–deflection
plot. The nonlinear vibration system composed of a linear spring–mass–damper structure system of any order
and a hysteresis damper. The responses for seismic excitation were examined by Fujita et al. [234] by using two
typical models of the hysteresis element, a bilinear model and a Ramberg–Osgood model. The effects of the
second stiffness of the dampers and the amplitude of the excitation motion were investigated using an actually
recorded earthquake motion.

The effects of the horizontal stiffness nonlinearity and the decrease in the vertical stiffness of rubber
bearings on seismic response during large deformation in a horizontal isolation system of nuclear island
buildings were studied by Kurihara et al. [235]. In order to examine the horizontal and vertical stiffness of full-
scale bearings, rubber bearings of 4900-kN (500-ton) rated load were tested within the allowed value of
horizontal deformation. The design of rubber bearings involves the influence of nonlinear behavior during
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large deformation and the increase in stiffness due to aging. A combination of laminated rubber bearings,
viscous dampers and friction elements was considered to seismically isolate a building of 11 levels [236]. A
smooth approximation of discontinuous characteristics friction was introduced in the analytical modeling of
the structure. It was found that the dynamics of the superstructure largely influence the entire system’s
response.

Villaverde [237] and Villaverde and Mosqueda [238] proposed to mount a building’s roof on elastomeric
bearings. Flexible laminated-rubber bearings were inserted between a building’s roof and the columns that
support the roof. Viscous dampers were connected to the roof and a structural element below the roof. It was
found that the suggested device effectively reduces the seismic response of the frame, although the extent of
this reduction depends on the magnitude of nonlinear deformations.

The reliability of a two-dimensional hysteretic shear-beam-type structure with viscoelastic bracing
dampers subjected to uni-directional horizontal ground motion was studied by Guo et al. [239]. They
estimated the statistical response functions of the structure with deterministic parameters and with
random parameters. Reliability indices and failure probabilities of a building model were also determined
under five different earthquake records for cases with and without dampers. It was found that the use of
dampers would significantly increase the reliability of the structure. Alhan and Gavin [240] addressed the
problem of seismic risk of critical facilities by specifying the required reliability of components of vibration
isolation systems for an improved performance and the reliability of isolated sub-systems with respect to
earthquake hazards. In their study, they considered a four-storey structure with an isolation floor at the
second floor level.

6.1.2. Friction-base isolators

Friction in support boundaries acts as a source of energy dissipation. However, the associated slip results in
irregular variations in system dynamic properties, such as natural frequencies and damping coefficient
[241,242]. Because the stick and the slip phases take place alternately, depending on the magnitude of the shear
forces at the interface of the sliding bearings, the dynamic behavior of a sliding structure can be highly
nonlinear. Note that there is always maximum dissipation of energy, such that the dynamic response of the
structure can be significantly reduced. The energy dissipation is reflected by the measured hysteresis curve, as
obtained, for example, by Filiatrault and Cherry [209] and Ni et al. [243]. Friction-base isolators have been
adopted as a means of passive control [207,209,227,244] of structures subjected to ground motion.

A number of overviews of the applications and performance of seismic isolation of structural systems were
presented in Refs. [199,245–249]. A numerical algorithm for distribution of friction devices along the height of
different structural systems was presented by Dimova et al. [250]. The response of a rigid structure
with frictional-base isolation system to a random earthquake excitation was the focus of many studies (see,
e.g., Refs. [251–258]). These studies provided a comparison of the rms displacement and velocity responses as
predicted analytically with those estimated by Monte Carlo simulations. It was concluded that the frictional-
base isolators are highly reliable in reducing structural displacements and accelerations.

Kircher et al. [259] estimated the nonlinear earthquake time history records of seismically isolated buildings.
Their analysis included the lateral-force-resisting systems of two building types: a four-storey braced-frame
building and a four-storey moment-frame building. For each building type, four isolation systems, with
varying degree of stiffness, were modeled and evaluated using spectrum-compatible earthquake time histories.
Peak displacements in the isolation system and peak displacements in the first storey of the superstructure
were calculated for each building.

Multi-storey buildings constructed with a low-rise podium structure form a major shortcoming in view of
seismic design. For example, Shahrooz and Moehle [260] experimentally and numerically demonstrated that
relatively large inter-storey drifts of the setback structure were localized at the level just above the podium
structure, and was accompanied by a moderate increase in damage. Ng and Xu [261] explored the possibility
of using passive friction dampers to connect the podium structure to the main building to prevent their seismic
response enlargement without violating the architecture features. It was found experimentally that
unfavorable seismic response amplification did occur in the building complex in the rigidly connected case.
This was in contrast with the friction damper, which exhibited effectiveness in reducing absolute acceleration
and inter-storey drift responses of both buildings if friction level was appropriately applied.
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Chen and Ahmadi [262] examined the sensitivity of base-isolated structures to fluctuating components of
wind disturbance. They found that these structures were less sensitive to wind excitation as compared to
conventional excitation systems. Jangid [263] reported that sliding systems are less sensitive to the effects of
torsional coupling in asymmetric base-isolated structures. Comparative studies of base-isolation systems,
conducted by Chen and Ahmadi [264] and Su et al. [228], revealed that the response of the sliding system does
not vary with the frequency content of earthquake ground motions. Jangid [265] investigated the optimum
friction coefficient of sliding base isolation supporting a linear flexible multi-storey structure subjected to
earthquake excitation. The minimization of the rms of the top floor absolute acceleration was adopted as a
criterion for optimality.

Numerical simulations performed by Dimova [266] showed that friction devices used in steel frame
structures exhibit an equally stable response during both the short and long periods of seismic excitations.
Hirata and Somaki [267] and Dimova and Hirata [268,269] presented a simplified method for fragility analysis
of structures with friction devices. The effect of randomness of the friction forces was estimated by Monte
Carlo simulations based on Gaussian distribution of the friction force. Dimova and Elenas [270] extended the
work of Dimova and Hirata [268,269] and estimated the correlation coefficient between the response
parameters of nonlinear systems with energy dissipating devices and the seismic intensity parameters. They
found that the correlation coefficient does not relate to the sequence of the fragility curves.

Simple and slotted bolted connections for energy dissipation, which takes place during structural dynamic
response were examined in Refs. [271–273]. Excellent isolation performance was achieved in conventional
sliding-type systems if the friction coefficient is small, due to the reduction in the transmitted ground
acceleration. On the other hand, if the friction coefficient is large, the structure will be isolated only during
large earthquakes, and the sliding system will not be activated by small to moderate earthquakes. The idea of
displacement-proportional friction was theoretically proposed by Tadjbakhsh and Lin [274]. This type of
frictional resistance can be provided by tightening together a set of friction plates by compression forces that
increase with relative separation of the building and the foundation. It was shown that in comparison with dry
friction alone significant reductions in acceleration transmissibility and relative displacement transmissibility
can be achieved.

Sliding base isolation systems may not be able to maintain the same value of friction coefficient under a
prolonged inactivity [275,276]. Furthermore, these isolators may suffer from excessive displacements under
strong earthquakes. It was demonstrated that the use of variable friction dampers improves structural
response characteristics. Dowdell and Cherry [277] introduced two semi-active control methods for improving
the performance obtained from constant slip friction dampers by varying the slip forces as a function of the
response of the structure as it performs over time during external excitation. These methods were referred to as
the off-on friction damper and the variable amplitude semi-active friction damper. The main objective of these
schemes is to minimize the rms inter-storey drift. Alhan and Gavin [278] investigated the performance limits of
passive linear and nonlinear isolation systems. The levels of heavy isolation damping, which increases
structural acceleration and inter-storey drifts, were identified. They were able to define appropriate
combinations of isolation parameters, which reduce base displacements without significantly increasing floor
accelerations and inter-storey drifts. Filiatrault and Cherry [279] and Dorka and Conversano [280]
implemented friction devices for seismic retrofitting of existing buildings, as they require a limited structural
intervention.

The reliability of these isolators has been of great concern to civil engineers. For example Pradlwater et al.
[281] used the Monte Carlo simulation to assess the reliability of a three-storey structure equipped with two-
dimensional frictional devices under bi-directional earthquake loading. Their results revealed that the friction
can reduce structural displacements by half and structural velocities by two-thirds. Shenton and Holloway
[282] examined the effect of the isolator stiffness variability on the response of the structure. The stiffness was
assumed to be random variable with Gaussian distribution.

6.2. Base isolation of bridges

Bridges are usually constructed to have horizontal stiffness bearings that allow thermal deformations of the
deck. The use of multi-layer elastomeric bearings for seismic protection is a natural extension of rubber pads
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for thermal expansion. Several studies were devoted to investigate the effect of various types of isolation pads
on the dynamic characteristics of bridges under different environmental conditions [283–293]. These studies
indicated that the presence of the isolation pads considerably reduces the amplitude of longitudinal deck
motions with respect to those at top of the pier except at the first natural frequency of the system. Delis et al.
[294] considered friction bearings and friction bearings with nonlinear fluid viscous dampers. They performed
nonlinear three-dimensional time history analyses using several ground input motions. The increased
displacement demands at abutments were accommodated with specially designed expansion joints that allow
large seismic movements in both horizontal directions.

Dowdell and Cherry [295] and Antonucchi et al. [296] developed a set of criteria for design of structures with
friction-damped bracings. The design criteria for the retrofit design were based on the desired level of
serviceability. In terms of performance, Mutobe and Cooper [297] indicated that the analysis and subsequent
design of the Benicia-Martinez Bridge require that the retrofit should prevent any damage following the
maximum seismic event. The retrofit design of this particular case relied on the use of friction-pendulum
bearings, which will be described in Section 6.4. The use of nonlinear analysis was required to account for the
bearing’s inherent nonlinear behavior. The implementation of the global Automatic Dynamic Incremental
Nonlinear Analysis (ADINA) for a bridge model revealed that the friction-pendulum bearing underwent large
displacements. However, forces in the superstructure were kept at acceptable levels. Fig. 38 shows the
displacement trajectory at one of the piers with the largest displacement excursion for the postulated
earthquake event. Savage Eddy and Orsolini [298] discussed the use of ADINA as an analytical tool for the
development of a retrofit project of the Three Mile Bridge. Ingham [299] presented a nonlinear time history
analysis in support of the seismic retrofit of the Million Dollar Bridge. The retrofit included the installation of
friction-pendulum system.

Shinozuka et al. [300] proposed the retrofit use of dynamic restrainers at the expansion joint for preventing
the collapse of bridges in the event of a severe earthquake. The proposed dynamic restrainer consisted of a
nonlinear viscous damper and an elastic spring connected in parallel. They performed two-dimensional
nonlinear finite element analysis using bilinear hysteretic models for the bridge substructure joints and
nonlinear gap elements for expansion joints. The numerical simulation revealed that the dynamic restrainers
are substantially effective in reducing the relative opening displacements and impact forces due to pounding at
the expansion joints.

Equivalent linearization techniques have been used to study the behavior of isolation systems. Equivalent
linear models are based on the effective stiffness at the design displacement and the equivalent viscous
damping is evaluated from the area of the hysteresis loop. The response characteristics of equivalent linear
models were compared with those of actual nonlinear models of base-isolated bridges with lead–rubber
bearings [283,301–303]. It was shown that the equivalent linearization could be used for predicting the actual
nonlinear response of the system. These studies assumed the bridge to be a rigid body and the nonlinear
behavior of the isolator was limited to the lead–rubber bearings represented by bi-linear characteristics. This
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also agrees with other studies [262,304–306]. It was reported that the equivalent linearized model of a bi-linear
hysteretic system overestimates the design bearing displacement and underestimates the superstructure
acceleration [306].

The isolation of the majority of US bridges consists of lead–rubber bearings [307] and the rest being sliding
isolation systems [308,309]. The vast majority of Italian bridges are isolated using lubricated sliding bearings
and yielding mild steel dampers [310]. Tsopelas and Constantinou [311,312] and Tsopelas et al. [313] found
that such systems restrict the force transmitted to elements of the substructure to a predetermined level, which
is independent of the seismic action. They are also characterized by a large dispersion in peak displacements
and the development of permanent displacements. In Japan, Kawashima and Unjoh [314] reported a different
approach called ‘Menshin’, which utilizes isolation bearings to enhance energy dissipation capability and to
distribute the lateral forces to elements of the substructure.

Constantinou and Symans [212] and Tsopelas et al. [313,315] conducted experimental investigations on a
seismically isolated bridge. The isolation system consists of sliding bearings and rubber restoring force devices.
Fluid viscous dampers were utilized to withstand the strong and long period level design motions. The
transmitted force to the substructure did not exceed one-third of the deck weight. The guide specifications for
seismic isolation design provide procedures for the analysis and design of isolation systems, and full-scale
testing of seismic isolators.

Warn [316] and Warn and Whittaker [317] determined the increase in the maximum isolator displacement of
isolated bridge structures due to bi-directional seismic excitation. It was shown that maximum isolator
displacements were significantly larger than those considering uni-directional seismic excitation. The effect of
structural details on seismic performance of four multi-span, continuous base-isolated bridges in Japan was
examined from recorded seismographs by Chaudhary et al. [318]. Experimental values of stiffness and
damping revealed that the behavior of the bridges is significantly altered by structural/non-structural details
such as metallic bearings, side stoppers, and bearing keeper plates. Friction in metallic bearings, which
are used at the end spans of two bridges, was found to be the major cause for substantial increase in
stiffness and damping of superstructure of these bridges. This effect was found to diminish with increasing
seismic amplitude.

6.3. Isolation of liquid storage tanks

Liquid storage containers are usually mounted on the ground either unanchored or anchored. Large
unanchored tanks with flat bases usually experience different kinds of damage under the action of ground
motions. The most known damage is the elephant foot bulge, which takes the form of buckling at the bottom
part of the tank, and cracking at the corner of the bottom plate-shell. Both classes are related to the uplifting
of bottom plate and thus involve strong nonlinearity due to the associated large displacement and the
separation between the bottom plate and foundation for unanchored tanks. The liquid–structure interaction
of a reactor vessel subjected to a horizontal excitation was studied using combined computational schemes.
For example, the finite element method was used for the structure and boundary element method for the liquid
[319]. Seismic isolation of liquid storage tanks and pool-type nuclear spent fuel storage tanks require careful
investigation to enhance their safety under earthquake motion. An overview of liquid sloshing interaction with
the tank elastic structure is documented in Ibrahim [320].

In order to increase the seismic resistance of liquid storage tanks, engineers incorporated base isolators to
isolate the tank structure from the earthquake ground movement. Chalhoub and Kelly [321,322] conducted an
experimental investigation of two similar cylindrical liquid tanks. One of these tanks was directly fixed to the
earthquake simulator and the other was mounted on the base of a sealed nine-storey steel structure. The
structure was isolated on eight multi-layered elastomeric bearings. Due to the reduction in the ground
accelerations, the dynamic pressure was reduced for the tank in the isolated structure. The free-surface liquid
elevation was slightly increased due to the lower frequency that characterizes the motion of base-isolated
structures. It was recommended to appropriately select an isolation system or to introduce dampers at
the location of maximum water particle velocities. The seismic isolation of liquid storage tanks was also
studied in Refs. [323–326], while the response of base-isolated liquid storage tanks was estimated numerically
in Refs. [327–336].
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Kim and Lee [337] studied the horizontal seismic performance of the base-isolated liquid storage tank
system with different types of base isolator stiffness and tank geometry. It was recommended to adjust the
dominant frequency of the base-isolated tank to be in the effective frequency range of the isolated system. The
effects of lead–rubber bearings on the seismic response of flexible liquid storage tanks were investigated by Bo
and Jia-Xiang [338]. The isolator was in the form of a lead–rubber with steel-reinforced multi-layer
elastomeric bearing, which has a hole in its center to facilitate the insertion of a lead plug. It was shown that
the yielding instability has a close relationship with the liquid sloshing. The coupling effects among liquid
sloshing dynamics, shell vibration modes, and isolator motion were considered. The hysteretic loop of the
lead–rubber bearing was represented by the reduced hysteretic model.

Malhotra [339,340] proposed a seismic base isolation of ground supported cylindrical liquid-storage tanks
by disconnecting the wall of the tank from the base plate and supporting it on a ring of horizontally flexible
bearings as shown in Fig. 39. The base plate is supported directly on the ground. The gap between the wall and
the base plate is closed with a flexible membrane, which prevents the loss of fluid from the tank and allows the
tank wall to move freely in the horizontal direction. The effect of isolation on impulsive and convective
(sloshing) responses of the liquid was examined for broad and slender steel tanks. It was shown that isolation
can reduce dramatically the hydrodynamic base shears, overturning moments, and axial compressive stresses
in the tank wall without significantly increasing the free surface liquid motion.

The use of a seismic isolation system under the superstructure of pool-type tanks can enhance its safety
[341–344]. It was shown that seismic isolation results in a reduction of dynamic responses. However, the base
isolation system can cause adverse effects on the free surface sloshing motion and on the relative displacement
of the isolator to the ground. The relative displacement of the isolator to the ground was found to increase
when the isolator becomes more flexible [345]. Park et al. [346] considered the cost-effectiveness of seismically
isolated pool structures taking into account the effects of fluid-structure interaction. It was found that the
seismically isolated pool tanks are highly cost-effective in low-to-moderate seismic regions.

The friction-pendulum system has been proposed to isolate liquid storage tanks by Tsai et al. [347] and
Wang et al. [348]. The friction-pendulum system will be described in the next subsection. It was found that the
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seismic isolation could effectively reduce the impulsive pressure while barely affecting the convective dynamic
pressure.

For liquefied natural gas storage tanks, Eibl et al. [349] conducted performance tests on high-damping
steel-laminated seismic isolation bearings. Baumann et al. [350] compared different methods to describe
the nonlinear behavior of the seismic isolators. Three models were developed and their effect on the
seismic response was considered for typical earthquakes. Baumann et al. [350] discussed different types of
energy dissipated within an earthquake and provided instructive insights into the mode of operation
of the base isolation. Computational simulations of high-damping rubber bearings were performed by
Baumann and Boehler [351]. Their results confirmed the beneficial effect of the dissipation by hysteretic
damping for the global behavior of the dynamic system. However, the random characteristic of different
types of energy dissipation was found to be impractical for seismic design. Fornl [352] conducted shaking
table tests to examine the effectiveness of new devices (fiber-reinforced isolators, and buckling-reinforced
braces) for protecting liquid-filled structures (product storage, spherical and liquefied natural gas tanks).
Different configurations were tested including fixed base, isolated base with high-damping rubber bearings,
fiber-reinforced rubber bearings, and lead–rubber bearings. Furthermore, each configuration was tested
for both time histories and three different levels of filling. Analytical studies of seismically isolated cylin-
drical offshore storage tanks were conducted by Masten-Zada and Yazici [353]. For the rubber base
isolation system, the seismic response caused by the medium and short period earthquake can be effectively
reduced [354].

6.4. Friction-pendulum system

While most base-isolated buildings utilize laminated-rubber bearings, non-rubber types and friction-
pendulum systems have lately been developed. Zayas et al. [192,355,356] and Constantinou et al. [357]
introduced friction-pendulum system in the form of sliding bearings that make use of a spherical concave
surface to provide a restoring force and friction force to dissipate earthquakes energy. Fig. 40 shows the cross-
section of the friction-pendulum system with a spherical concave facing up or down. The friction-pendulum
system was assessed to be feasible and cost effective for improving the seismic resistance of new buildings. The
flexibility to select any isolator period makes the approach suitable for a wide range of applications. Note that
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Fig. 40. The cross-section of the friction-pendulum system: (a) spherical concave up, (b) down, (c) rigid-plastic force–displacement

relation for uniaxial excitation [355,385]).
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isolators using friction-pendulums shift the natural period, T, of oscillation of the support structure such that

T ¼ 2p
ffiffiffiffiffiffiffiffiffi
R=g

p
, (64)

where R is the radius of the spherical concave. The force–displacement relationship may be expressed by the
following expression [358–360], see Fig. 40(c):

F ¼
W

R
vb þ mW sgnð_vbÞ, (65)

where W is the total weight carried by the friction-pendulum system, vb is the sliding displacement (relative to
the ground) in the x- and y-components for bi-axial excitation, m is the coefficient of friction on the sliding
surface, _vb is the sliding velocity, and sgnð:Þ is the signum function. The first term in Eq. (65) is the component
of the pendulum weight directed toward the centered position, and the second term is the friction force that
opposes the instantaneous velocity. The lateral restoring stiffness of the friction pendulum was given by the
following equation [355]:

kb ¼
W

R
. (66)

Practical sliding isolation systems utilize teflon sliding bearings in which the coefficient of friction exhibits a
strong dependency on the sliding velocity [361–366]. The coefficient of the sliding friction of teflon–steel
interfaces was expressed by the following relationship:

ms ¼ mmax � ðmmax � mminÞe
�aj _vbj, (67)

where mmax and mmin are the maximum and minimum mobilized coefficients of friction, respectively, and a is a
constant parameter that controls the variation of the friction coefficient with the sliding velocity.

Significant studies of friction-pendulum systems have focused on the seismic behavior of base-isolated
structures subjected to near-fault ground motions (see, e.g., [367]). Tsai et al. [368] considered a special class of
friction-pendulum system characterized by variable curvature. The radius of curvature of the variable
curvature was lengthened for an increase of the isolator displacement. Thus, the fundamental period of the
base-isolated structure can be shifted further away from the predominant period of near-fault ground motion.
Tsai et al. [369,370] proposed another version of friction-pendulum system known as the trench friction-
pendulum system. They conducted a series of shaking table tests for a scaled steel structure equipped with
trench friction-pendulum isolators. It was found that the trench friction-pendulum system could adjust the
curved trench surface radius to meet the structure’s stiffness, thus providing a good protection during strong
earthquake ground motion.

Abrahamson and Mitchell [371] used lead–rubber bearings and a friction-pendulum system with constant
and variable friction coefficients. The lead–rubber-bearing element has a nonlinear elastic longitudinal spring
and a bi-axial kinematic hardening spring in the transverse place. On the other hand, the friction-pendulum
system element was formulated as point-to-point contact element, including velocity and pressure-dependent
friction, and coupled vertical/horizontal displacements. Ryan and Chopra [370,372] adopted an algorithm to
estimate the isolator deformations and force due to ground motions characterized by a design spectrum with
its intensity defined by the median value of peak ground velocity. The algorithm was used for a system isolated
with lead–rubber bearings and for a system isolated by the friction-pendulum bearing. Jangid [373] estimated
the optimum parameters of the friction-pendulum system for minimum earthquake response of the base-
isolated buildings under near-fault motions.

Analytical solutions of the stochastic response of such practical sliding systems were verified by extensive
Monte Carlo simulations by Constantinou and Papageorgio [251]. Amin and Mokha [374] reported that the
friction-pendulum system was chosen for a full-scale seismic upgrade of the US Court of Appeals building on
the basis of highest technical rating and lowest cost. Fujita et al. [375,376] conducted shaking table tests to
investigate the performance of isolation and restoring force characteristics of the friction-pendulum bearing. It
was found that the friction-pendulum system with poly-curvature satisfies some commercial constraints. Tsai
[377,378] examined the performance of the friction-pendulum system using an advanced analytical model and
finite element formulation. It was found that the local bending moment, which results from the movement of
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the isolator, is an important factor in the design process. Wang et al. [379,380] and Kim and Yun [381]
employed the friction-pendulum system for multi-storey structures and bridges subjected to earthquake
excitations. The dispersion of friction coefficient in friction-pendulum system was examined by Okamura and
Fujito [382]. Okamura et al. [383] studied the rotational dynamic motion of isolated structures mounted on
four friction-pendulum bearing systems subjected to earthquake motion. It was found that the rotational
motion was generated due to the friction coefficient differences in the friction-pendulum bearing system.

The idea was employed for seismic protection of bridges by Constantinou et al. [309], Tsopelas and
Constantinou [312], and Ates et al. [384,385]. An isolated structure behaves as a fixed base flexible single-
degree-of-freedom system when there is no sliding in the friction-pendulum system. When the intensity of
earthquake is large enough to take place in the friction-pendulum system, the equation of motion of the
isolation system during the sliding phase was derived by Papageorgiou and Constantinou [386] and Jangid and
Banerji [387] in the form

mb €vb þ cb _vb þ m5W sgnð_vbÞ þ kbvb ¼ �mb €vsg, (68)

where mb, cb, and kb are the mass, damping, and stiffness of the base isolation system. Note that Eq. (68) is
strongly nonlinear differential equation due to the friction force term. The signum function was replaced by a
smooth function approximated by the expression [244]

sgnð_vbÞ � a1 _vb þ a3 _v
3
b, (69)

where the coefficients a1 and a3 are determined by minimizing the mean square error

E½e2� ¼

Z 1
�1

sgnð_vbÞ � a1 _vb þ a3 _v
3
b

� �2
pð_vbÞd_vb. (70)

The conditions for minimizing the above error are

qE½e2�

qa1
¼ 0 and

qE½e2�

qa3
¼ 0. (71)

The process of satisfying these conditions yielded the following values of the coefficients a1 and a3:

a1 ¼
E½_v6b�E½_vb sgnð_vbÞ� � E½_v4b�E½_v

3
b sgnð_vbÞ�

E½_v2b�E½_v
6
b� � E½_v4b�

� �2 , (72a)

a3 ¼
E½_v4b�E½_v

3
b sgnð_vbÞ� � E½_v4b�E½_v

3
b sgnð_vbÞ�

E½_v2b�E½_v
6
b� � E½_v4b�

� �2 , (72b)

Dicleli and Mansour [388] took advantage of the friction-pendulum system for retrofitting typical
seismically vulnerable bridges in the State of Illinois. Roussis and Constantinou [389–391] extended the idea of
friction-pendulum for building structure isolation and developed an uplift-prevention friction-pendulum
Fig. 41. Three-dimensional view of the uplift-restraining XY-PF isolator [387].
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isolator known as the XY-FP shown in Fig. 41. It consists of two orthogonal opposing concave beams
interconnected through a sliding mechanism that permits tension to develop in the bearing, thereby preventing
uplift. The effectiveness of the XY-FP isolator was experimentally studied using a slender five-storey scale-
model frame seismically isolated with four XY-FP isolators subjected to simulated horizontal and vertical
ground motions. The XY-FP isolator was shown to provide effective uplift prevention regardless of the state
of displacement in the bearing. In addition, it allows for decoupling of the bi-directional horizontal motion
along two orthogonal directions. The system has the capability to provide distinct stiffness and energy
dissipation along the principal directions of the bearing. The friction-pendulum bearing was utilized for
seismic isolation of liquid storage tanks, as demonstrated by Wang et al. [348].

Pranesh and Sinha [392–394] and Murnal and Sinha [395] developed another isolator known as the variable
frequency pendulum isolator. The isolation period of this isolator was found to continuously decrease with
increasing the horizontal sliding displacement.
7. Nonlinear viscoelastic and composite isolators

7.1. Characteristics of viscoelastic materials

Viscoelastic materials are widely used for vibration isolation in automotive and aerospace industries. It is
well known that the shear modulus and loss factor of rubber materials depend on frequency, o, as well as
temperature, T, [396–399]. Thus one can express the complex shear modulus, G�ðo;TÞ, in the form

G�ðo;TÞ ¼ G0ðo;TÞ þ iG00ðo;TÞ ¼ G0ðo;TÞ½1þ iZðo;TÞ�, (73)

where G0(o, T) is the shear modulus and G0(o, T) Z(o, T) is the loss factor. The dependence of these two
parameters on the temperature and frequency is shown in Fig. 42. Fig. 42 shows the optimum regions of
viscoelastic materials for different types of damping devices. For example, region A is optimum for free-layer
treatments, having a high modulus and high loss factor. On the other hand, region B is optimum for
constrained-layer treatments, possessing a low modulus and high loss factor. Region C is optimum for tuned-
mass dampers possessing a low modulus and low loss factor.

With reference to Fig. 42 one can see that at the so-called rubber-to-glass transition, the loss factor passes
through a maximum value that lies approximately in the frequency or temperature range through which the
Fig. 42. Dependence of shear modulus and loss factor on temperature at constant frequency/or frequency at constant temperature [418].
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shear modulus changes rapidly. The frequency at which the shear modulus increases rapidly as the excitation
frequency increases is called the transition frequency. On the other hand, the temperature at which the shear
modulus decreases rapidly as the temperature increases is called the glass transition temperature. The glass
transition state is a non-equilibrium state at which the nonlinear viscoelastic nature of structural recovery can
lead to surprising behavior [400]. Thus, one can use the temperature and frequency as control parameters to
study such phenomena as bifurcation and other complex dynamic characteristics.

The transition frequency of low-damping rubber typically occurs at very high frequencies in the typical
operating temperature range. Through the range of frequencies normally encountered in automotive isolators
and other applications, the loss factor and shear modulus vary slowly with frequency. Furthermore, the
transition frequency of high-damping materials usually occurs in or near the typical operating frequency
ranges, so the dynamic modulus of high-damping materials changes very rapidly with frequency [2]. The
transition frequency is dependent on temperature, so the concept of temperature–frequency equivalence [401]
is extremely important, and nonlinear analysis of rubber isolators should include the effects of temperature
and frequency. The temperature–frequency equivalence can be used to superimpose modulus curves covering a
limited frequency range at different temperatures.

Schallamach et al. [402] and Harwood and Schallamach [403] examined the dynamic behavior of two
different vulcanized elastomers, natural rubber, and acrylonitrile–butadiene rubber under strain cycling at
various strain rates. The effect of amplitude, temperature, and frequency on the mechanical behavior of
rubber under compressive loading was studied by McCallion and Davies [404]. However, these studies did
not consider the influence of excitation amplitude under shear. Rubber is more compliant when loaded in
shear than it is when loaded comparatively in compression, although energy storage capacity is relatively
smaller [405].

When memory effects are neglected, the nonlinear characterization of viscoelastic materials, at the limits of
the time and frequency ranges, approaches the nonlinear elastic theory [406]. However, the concept of a strain
energy function cannot be carried over directly from the elastic to viscoelastic characterization. Some attempts
[407] replaced the strain energy by a stored energy functional, which depends on the entire past history of
deformation. The constitutive relation that defines the stress matrix in terms of the left Cauchy–Green strain
measure was expressed nonlinearly in terms of scalar functions of strain invariants.

The time-stress superposition principle cannot be used to model the entire range of loading from low stress
to the yield point as indicated by Skrypnyk et al. [408,409]. This is due to the fact that the storage modulus of a
vulcanized material can increase very significantly at very low strains. Furthermore, the transition from linear
to nonlinear dynamic properties occurs at decreasing strain amplitude with increasing filler content. For
example, for butyl material at 23.2% high-abrasion the nonlinear region begins at double strain amplitude
(peak-to-peak) of approximately 0.002, which is very small [410].

These studies motivated others [411–413] to further investigate the characteristics of nonlinear viscoelastic
behavior, which is commonly observed in creep and relaxation. Furthermore, Lazan [399] introduced various
nonlinear models by combining nonlinear dampers with nonlinear springs possessing either strain-hardening
or strain-softening characteristics. Ferry [396] developed a nonlinear model where the time-dependent tensile
stress was expressed by a power series and the Boltzmann superposition principle was extended to higher-
order odd terms. In general, these models have been used to study nonlinear material behavior and
stress–strain relations.

Gong et al. [414,415] considered a vibration isolator with hysteresis behavior and presented a method
for modeling the isolator. They proposed a dynamic model of a wire-rope vibration isolator and reconstructed
a force–displacement hysteresis loop. Their results revealed that the theoretical loops and the experi-
mental measurements are close to each other in performance. They used their model to examine the nonlinear
damping behavior of the isolator. It was demonstrated that the damping in the isolator varies with
the amplitude and excitation frequency. The model reflected the damping characteristics of the nonlinear
isolator.

Predicted transmissibility of a rubber-like mount may be in error when the physical dimensions of the
elastomer coincide with half wavelengths of the elastic wave traveling in the material [416]. This so-called
wave effect occurs at many frequencies, the first of which is in the region of 200Hz for most commercial
isolators. It may vary with frequency depending on dimensions of the mount and the hardness of the
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elastomer. Many commercial isolators use rubber in compression, in shear, or in combination. When used in
combination, loads producing small deflections are satisfactorily carried in shear. During large deflection
produced by overload, the rubber becomes loaded in compression, thus acting as compression spring to the
motion.

Viscoelastic isolators are often designed using primary and secondary stiffness values based on geometry
changes. The primary value, kd1, is taken as the first load–deflection slope, and the secondary value, kd2, is
taken as the second slope for a higher load. Some optimization codes used with many commercial nonlinear
finite element programs determine the geometric shape of a mount that satisfies the stiffness requirements of
engine mounts. The dynamic stiffness is expressed as kd ¼ Bks, where kd and ks are the dynamic and static
stiffness, respectively, and B is a correction factor in the range 1.2–1.4 [417–420]. Even though the steps (kd1,
kd2, y) are introduced in the analysis, the stiffness used in the model is assumed to be linear and damping is
ignored. Furthermore, the relation kd ¼ Bks appears to be inconsistent with experimental observations that the
dynamic stiffness depends on frequency and excitation amplitude.

Snowdon [2] and Ver [421] reported that the mean static load results in an increase of the dynamic stiffness.
In effect, the mean static load shifts the value of dynamic loading to dwell in the nonlinear zone. The role of
nonlinearity in the dynamic behavior of rubber components was addressed by Harris and Stevenson [422]. The
transient response of linear structures mounted on nonlinear viscoelastic mounts was examined under impact
loading by Gjika et al. [423]. The experimental characterizations of elastomers provided the definition of the
quasi-static load deflection curves. The instantaneous stiffness and modal damping factors, deduced from
experimental measurements, were used to model the nonlinear behavior of the elastomer mount. A nonlinear
system with a power curve loading formula such as F ¼ kxn, where k is the stiffness, x is deflection, and n is
exponent in the loading curve, has been used for both the spring and damper-loading characteristics of body
mounts in computer aided engineering crash modeling [424]. Despite the fact that the power curve loading was
used to express material nonlinearity, the stiffness and damping were assumed to be independent of excitation
frequency and amplitude.

7.2. Isolator material and modeling

7.2.1. Nonlinear natural rubber

The dynamic properties of both neat rubber and filled rubber with filler content fofc are linear
viscoelastic, while those of filled rubber with filler content fXfc are strongly strain-dependent and nonlinear
viscoelastic, where fc is a critical volume fraction of the filler content. Note that for neat rubber or filled
rubber with small filler content, the storage modulus G0 and loss shear modulus G00 (where the complex shear
modulus G� ¼ G0 þ iG00 ¼ G0ð1þ iZÞ, and Z is the loss factor) are correlated by the Kramers–Kronig
relationship [396,425]

G0ðoÞ ¼ Ge þ
2o2

p

Z 1
0

G00ðtÞ
tðo2 � t2Þ

dt, (74a)

G00ðoÞ ¼
2o2

p

Z 1
0

G0ðtÞ � G0e
ðo2 � t2Þ

dt. (74b)

Eqs. (74a) and (74b) state that the storage modulus and loss shear modulus depend on each other. The
limitation of the linear viscoelasticity described by Eqs. (74a) and (74b) was discussed by Lin and Lee [426]
who considered four basic types of G0: constant G0, a step function for G0, a ramp function for G0, and a three-
element spring-dashpot model.

Nonlinear viscoelasticity of filled rubbers arises from the breakdown and recombination of the secondary
aggregate of filler network during vibration [427]. As the filler content becomes greater than the critical volume
content, a secondary aggregate of filler network is formed and the dynamic mechanical properties become
nonlinear viscoelastic. According to the study of Lin and Lee [427,428], the storage modulus, G0T , and the
shear loss modulus, G00T , of the filled rubber are

G0T ðo; �0;fÞ ¼ G0F ðo; �0;fÞ þ G01ðo;fÞ, (75)
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G00T ðo; �0;fÞ ¼ G00F ðo; �0;fÞ þ G001ðo;fÞ þ G000ðo;fÞ � G001ðo;fÞ
Z 1
�¼2�0

g1að�Þd�

" #
, (76)

where G01, G001, G0F , and G00F are dynamic shear moduli,

G0F ðo; �0;fÞ ¼ x2�d
p

Q�b

a2

Z 1
�¼2�0

f 1að�Þ

�
d�

" #
; �app ¼

mQþ 2Ḡ

4dḠ

� �
�b,

G00F ðo; �0;fÞ ¼ x2�d
p

Q�b

2pa2

1

�20

Z 1
�¼2�0

�f 1að�Þd�

" #
,

Qeb/a
2 is the failure stress of single connected bonds, a is the length of a single connected bond, eb is the

failure strain amplitude for breaking the contact between the particles, e0 is the failure strain amplitude, and
eapp is the apparent yield strain amplitude, which corresponds to the on-set point of breakdown of the
secondary aggregate as the strain amplitude increases. When the strain amplitude is greater than eapp, G0T
starts to decrease, while G00T starts to increase. Q and G are local elastic constants. G is controlled by the rubber
phase around fillers and Q is controlled by van der Waals force between fillers. d and m are fractal parameters,
xp is the critical length of the links-nodes-blobs model [429,430]. f1a(e) is the density distribution function of
the number of singly connected bonds in the links-nodes-blobs model, g1a(e) is the density distribution
function that accounts for breakdown of the secondary aggregate attributed to the nonlinear phase
deformation. Both f1a(e) and g1a(e) are exponential functions.

Two types of constraints are usually encountered in vibration isolation. One is the constant strain and the
other is the constant stress condition. For a force driven at constant strain level on a filled rubber isolator, the
behavior of the isolator is similar to a linear viscoelastic vibration isolator. The case of constant stress
condition is usually considered to study the performance of a filled rubber isolator. As a vibration isolator
drives different stress levels, different transmissibility behaviors are obtained due to the nonlinear behavior of
filled rubber. Fig. 43 shows the simulation results of transmissibility dependence on excitation frequency ratio
O/on for three different values of strain amplitude, en ¼ 0.002, 0.01 and 0.05. All three cases exhibit a jump
phenomenon near O/on ¼ 1. For the case of en ¼ 0.002, the system attenuates at the greatest rate near the
natural frequency because G0n is higher than the other two cases. However, all three cases have the same
attenuation rate of 40 dB/log(O/on) at high frequencies.
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7.2.2. Composite springs

In view of the excellent properties of composite materials, engineers developed composite springs for
automotive vehicles [431–437]. Scowen and Hughes [433] introduced the sulcated2 spring in order to utilize the
high tensile strength of fiber-reinforced plastic in spring systems. The elliptic composite springs described by
Mallick [431,432] represent another generation of composite spring development. Tse et al. [438] and Tse and
Lung [439] presented a large deflection analysis on orthotropic mid-plane symmetric laminated circular springs
under vertical uni-axial tension and tension-push loading.

With reference to Fig. 44, the circular ring of radius, R, is subjected to two equal and opposite radial tensile
loads, 2P, and due to the symmetry only one quadrant is considered for the analysis. This deformed quadrant
can be regarded as an originally straight rod AB of length l ¼ pR/2 and subjected to a vertical load, P, and a
bending moment, MR ¼ bD/R, at the free end, where D is the equivalent rigidity per unit width, b. Tse et al.
[436,438] developed the equivalent flexural rigidity and obtained an expression for the stiffness of the ring in
terms of elliptic integrals.

Tensile and push–pull tests were conducted by Tse et al. [438] on thin walled circular composite springs
fabricated from E-glass woven cloth/Ciba-Geigy epoxy resin (XH750A/HY956) with nominal width of 51-mm
and internal diameter of 114mm. The push–pull tests were conducted on the combination of two rings shown
2A sulcated spring is characterized by long, narrow grooves or channels.
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in Fig. 45. The spring stiffness was determined from the initial linear portion of their respective load–deflection
curves. The equivalent flexural rigidity per unit width, D ¼ E11h

3/12, was evaluated by substituting the
experimental spring stiffness into the spring stiffness expression

K ¼
8p

3ðp2 � 8Þ

E11bh3

ð2Rþ hÞ3
, (77)

where h is the thickness of the ring and E11 is the Young’s modulus in the major principal direction.
Fig. 46 shows the dependence of the spring stiffness on the applied load for a spring ring and push–pull

arrangement shown in Fig. 45. It is seen that for a spring ring the compressive region is much softer than the
tensile one, as the same amount of load will produce larger deflection in the compressive region. Thus the
spring can be classified as soft in the compression region and hard in the tensile region. For the arrangement of
Fig. 45 of two similar ring springs the characteristics of the stiffness is changed to a symmetrical hard spring.
The stiffness increases with deflection throughout the entire range of the load. This feature was found to
satisfy the requirements of softness for steady-state vibration isolation and stiffness for transient and shock
endurance.
7.3. Phenomenological modeling and transmissibility

It has been reported that methodologies based on dynamic mechanical tests and analysis accurately
characterize the linear viscoelastic properties. However, these methods are only valid for small strains or loads.
Other tests adopted high strain amplitudes of up to 20% as in American Society for Testing and Materials
(ASTM) D-945 [440]. Dynamic properties measured at high strain amplitude cannot be used to design a
vibration isolator that will work under low strain amplitude and vice versa. In some applications such as the
front end cooling systems of road vehicles their isolators must work under a wide range of strains and
loads. For that reason Shaska et al. [441] conducted experimental tests to measure the nonlinear behavior
of rubber isolators as a function of excitation amplitudes. Based on these measurements, they developed
phenomenological models under different conditions.

A wide spectrum of test techniques has been developed for measuring the complex modulus properties of
viscoelastic materials [401,442–446]. It is frequently accepted that no single technique offers the range
necessary to overcome the broadly varying nature in viscoelastic material properties. The techniques used to
obtain the data evaluated in Ref. [441] were the forced resonance vibration and the impedance tests. Both tests
carried out measurements in shear by using the same sample. The disadvantage of the forced resonance
vibration test is the need for careful frequency adjustment and control. Determination of dynamic properties
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over an extended frequency range is not practical with that test. For a given specimen the only variable
available to change the resonant frequency is the mass and it is not practical to change it frequently.
Furthermore, the static load due to the mass has an effect on the observed dynamic properties. The main
advantage of the forced resonance vibration test is its simplicity. On the other hand, the impedance test yields
a low signal-to-noise ratio. The signal-to-noise ratio can be of a concern at low excitation amplitude and high
frequency. However, the frequency and the static load are relatively easy to control. It is important to use both
tests and compare results for a better understanding of the effects of static load and frequency. The excitation
amplitude can be controlled in both tests.

Tedesco [447] developed a mathematical model for the T22-AB-2 elastomeric vibration isolator. The
isolator was tested both statically and dynamically to determine its response characteristics. It was found that
the static stiffness as determined from force–deflection curves is significantly less than the stiffness determined
from vibration testing. The dynamic modulus and loss factor were found to be nonlinear functions of the
isolator displacement.

Chandra et al. [448,449] considered the nonlinear effects on the performance of isolators under shock
excitations. Experimental characterization that reveals nonlinear behavior is essential to better understand
rubber isolator dynamics under different static and dynamic loading conditions. Richards and Singh [450–452]
and Mallik et al. [453] developed analytical models that describe the nonlinear characteristics of different
rubber isolators. Static stiffness experiments conducted by Richards and Singh [442] presented time-invariant
load–deflection curves. Dynamic excitations under random, frequency-sweep and mono-frequency were
conducted to examine the behavior of each isolator under each excitation type.

Biejers and De Boer [454] developed a numerical algorithm to model rubber vibration isolators. Shaska
et al. [441] conducted a series of impedance tests on a tubular sample of butyl rubber (Type II). The tests were
conducted at room temperature, constant excitation frequency of 170Hz and different values of excitation
amplitude. The same measurements were performed at different temperatures and at different frequencies. The
energy loss, DW, was estimated from each particular measurement and the loss factor was calculated from the
area enclosed by the hysteresis loop, DW ¼ pZHX 2

0, where ZH is the hysteretic damping constant (dimensional)
and X0 is the response amplitude. The dependence of the peak force amplitude, F, on the corresponding peak
displacement amplitude, X0, measured from hysteresis loops for three different values of temperature �10, 20,
and 50 1C was generated for each temperature using a polynomial curve-fit. The following phenomenological
relationships were obtained:

F ¼ 2245X 0 � 12 999X 2
0 þ 25 063X 3

0 at T ¼ �10 �C; (78a)

F ¼ 1103X 0 � 4987X 2
0 þ 7982X 3

0 at T ¼ 20 �C; (78b)

F ¼ 780X 0 � 3645X 2
0 þ 6941X 3

0 at T ¼ 50 �C: (78c)

The linear transmissibility at temperature Ti was calculated using the natural frequency, o2
n ¼ k0=m, where

k0 is the first term of Eqs. (78) at temperature Ti.
The dependence of the shear loss factor, Z, and the shear storage modulus, G0, at 20 1C, on the shear strain

amplitude, g, were given by the following relations:

Z ¼ 0:29þ 6:788gþ 1772g2 � 14; 8075g3, (79a)

G0ðMPaÞ ¼ 19:4þ 1065g� 213; 361g2 � 2� 108g3 þ 4� 1010g4 � 3� 1012g5 þ 7� 1013g6. (79b)

Fig. 47(a) shows the measured transmissibility using the forced resonance test for different values of
excitation acceleration amplitude j €Y j. The transmissibility is plotted versus the excitation frequency ratio, O/
on, where o2

n ¼ k0=m, and k0 is the dynamic stiffness measured at the lowest excitation amplitude. Each curve
is associated with a specific constant acceleration magnitude. It is seen that as the excitation amplitude
increases the stiffness decreases and damping increases. The peaks are shifted to the left and the peak
magnitudes are reduced as the excitation magnitude increases. The stiffness and transmissibility at resonance
decrease approximately 40% and 25%, respectively, as the excitation acceleration increases from €Y ¼
2:5m=s2 to €Y ¼ 39:2m=s2. The same feature is observed during transmissibility measurements for two
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excitation displacement amplitudes: 0.25mm (0.01-in) and 0.76mm (0.03-in), as shown in Fig. 47(b). The
stiffness decreases by 44% as the excitation amplitude increases by a factor three.

The reduction in stiffness and the associated increase in damping with excitation level is a phenomenon that
appears for all values of temperature. To demonstrate the effectiveness of the nonlinear isolator, the
normalized transmissibility, TRvisc/TRlin, given by the ratio of the transmissibility of the viscoelastic mounts,
TRvisc, to the one of a linear spring-dashpot mount, TRlin, is given in Figs. 48(a)–(c) for three different
temperatures: 20, 50, and 85 1C, respectively. The linear transmissibility is obtained by using linear parameters
measured at the corresponding temperatures 20, 50, and 85 1C, respectively. Thus, any drop of the normalized
transmissibility below unity is an indicative of the superiority of the viscoelastic isolator. This normalization
method shows the combined effect of temperature and excitation amplitude. It is seen that the transmissibility
at 20 1C and low excitation amplitude, 2.5m/s2, is approximately the same as the linear prediction as shown in
Fig. 48(a). However, as the excitation amplitude increases the transmissibility displays a significant departure
from unity and the peaks are shifted to the left and reduced as the excitation amplitude increases. It is obvious
that the rubber isolators under large excitation amplitudes lead to lower natural mounting frequencies. The
transmissibility decreases rapidly with frequency as compared with linear isolators.
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7.4. Viscoelastic fractional modeling

Kari [36,37,455] introduced the nonlinear shape factor-based models that account for the increasing
shape factor resulting from decreasing thickness of the rubber cylindrical isolator during compression.
His results agreed with those of a cylindrical neo-Hookean hyper-elastic rubber isolator model.
Padovan and Sawicki [456] studied the steady-state response of a nonlinear Duffing isolator with
fractional derivative damping to harmonic excitation. They used an energy-constrained Poincaré–Lindstedt
perturbation method with a diophantinized fractional derivative3 representation. Sjöberk and Kari [457]
included nonlinear friction in a fractional Kelvin–Voigt model in studying the nonlinear behavior of a rubber
isolator.

Sjöberk and Kari [458] considered a nonlinear dynamic model of a cylindrical carbon black filled rubber
isolator by combining a nonlinear shape factor-based stiffness, a fractional derivative and a generalized
friction model. The total force, F, consists of the sum of elastic, Fe, viscoelastic, Fve, and friction, Ff, forces.
The viscoelastic compression force was described by the fractional time derivative of order a

Fve ¼ b
dau

dt
, (80)
3Diophantinized fractional derivative is a type of differential-integro representation of structural hysteresis.
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where u is the compression displacement under the total force F, 0oao1, and b40 Nsa/m are model
constants. The fractional derivative is defined as

dau

dta
¼

1

Gð1� aÞ
d

dt

Z t

0

uðtÞ
ðt� tÞa

dt, (81)

where the Gamma function GðbÞ ¼
R1
0 sb�1e�s ds.

Note that the fractional derivative operator is a non-local operator in a temporal sense for 0oao1. In other
words, it depends on the displacement history, not only on the current value, in line with components made of
materials with memory such as rubber isolators. Numerically, Sjöberk and Kari [458] found that the
viscoelastic force, given by Eqs. (80) and (81), is

FveðtnÞ � b
Dt�a

Gð�aÞ

Xn�1
j¼0

Gðj � aÞ
Gðj þ 1Þ

un�j. (82)

The friction force of carbon black filled rubber was given by the smooth representation

F f ¼ Ff s
þ

u� us

u1=2 1� sgnð _uÞðFf s
=Ff max

Þ
� �

þ sgnð _uÞðu� usÞ
F f max

� sgnð _uÞF f s

� �
, (83)

where Ff max
is the maximum friction compression force, u1/2 is the displacement at half of that force, and

sgnð _uÞ denotes the signum of the compression displacement rate. The parameters Ff s
and us are updated each

time the displacement changes direction at _u ¼ 0.
The elastic compression force was given by the definition

FeðuÞ ¼

Z u

0

dFeðuÞ

du
du ¼

3p
4

mD2u

L� u
1þ

D2ð2L� uÞ

16L2ðL� uÞ

� �
, (84)

where L and D are the length and diameter of the rubber cylinder, respectively. m is the static shear modulus
The linearized elastic force contribution at vanishing compression was given by the expression

F lin
e ðuÞ ¼ keð0Þu ¼

3p
4

mD2

L
1þ 2S2

0

� �
u, (85)

where S0 ¼ D/4L is the shape factor.
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Fig. 50. Normalized total force FT versus excitation frequency ratio for excitation pre-compression and amplitude of 0.8mm and

excitation of 100Hz. Solid curve is fully nonlinear model, and dashed-dot curve is the linearized mode [458].
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The system considered by Sjöberk and Kari [458] was described by the equation of motion

m
d2uðtÞ

dt2
¼ mghðtÞ � FeðuðtÞÞ � F veðuðtÞÞ � F f ðuðtÞÞ, (86)

where m is the system oscillating mass and h(t) is a step function. Under free vibration the response was
obtained by numerically solving Eq. (86) using Newmark algorithm for t ¼ 5 s and time step of
Dt ¼ 3.33� 10�4 s. The solid curve response shown in Fig. 49(a) is due to nonlinear elastic, viscoelastic and
friction forces, while the dashed line displays the contribution of the linear elastic force. The maximum
undamped natural frequency was found to be 955Hz. Fig. 49(b) shows a zoomed segment of the force
displacement diagram. It was reported that the mass oscillates strongly, with the maximum total force as the
first turning point exceeds twice the static weight of the mass, then the mass exhibits a rapid decreasing
amplitude oscillations. The mass was observed to move toward the focal point (indicated by the symbol 
 in
Fig. 49(b)) at the nonlinear elastic force–displacement curve, given by Fe(u0) ¼ mg.

Under harmonic excitation of the rigid mass mounted on the vibration isolator, the response was
decomposed into u ¼ �(u0+Du), where Du(t) ¼ Dud sin(odt), Dud is the dynamic compression displacement
and od is its frequency. The FFT force–frequency content is shown in Fig. 50. It is seen that the linearized
model does not reveal the even-order harmonics due to the point of symmetry of the hysteretic
force–displacement. Furthermore, the magnitude of the even-order harmonics for the fully nonlinear model
decreases rapidly. Note that friction forces are characterized by a point of symmetry and thus contain only
odd-order harmonics while the nonlinear elastic forces lack that symmetry and thus contain all higher-order
harmonics.

7.5. Smart material isolator elements

Several attempts have been made for using smart materials, which allow stiffness and/or damping to vary
during operation. Time-varying damping elements include magnetohydrorheological fluids [459], electro-
rheological fluids [460,461], and piezoelectrics [462,463]. These dampers have the ability to change their
damping characteristics by application of an electric field for electrorheological fluids or by applying a
magnetic field for magnetohydrorheological fluids. Field strength can be increased to the point where the
chains solidify resulting in a high yield stress and an increase in damping for magnetohydrorheological or
electrorheological dampers. Removal of the field results in the fluid returning to its original state. Changes in
state occur within milliseconds [464,465]. When electrorheological fluids are stressed electrically they
demonstrate a controllable, massive change in effective viscosity. Sproston and Stanway [461] showed that
continuous control of viscosity could be achieved through the applied electric field. They also demonstrated
the work of these fluids on the development of an automotive engine mount. When piezoelectrics are
combined with a resistor, they create damping analogous to viscoelastic damping. The piezoelectric combined
with the resistor electrically creates a resistance capacitance shunt network, since the piezoelectric acts like a
capacitor [462].
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Examples of variable stiffness elements are shape (or smart) memory alloys [466], magnetohydrorheological
elastomers and piezoelectrics. Stable phases of shape memory alloys include a low-temperature phase referred
to as martensite and a high-temperature phase known as austenite. Shape memory alloys are metal alloys that
recover otherwise permanent strain when heated. Shape memory alloys have two properties, the shape
memory effect and the pseudo-elasticity effect. The shape memory effect occurs when shape memory alloys in
martensitic state is deformed by a load and then heated to austenitic form where it recovers its original shape.
The pseudo-elasticity effect occurs when a load is applied to shape memory alloys in austenitic state, which
under proper conditions can induce a phase change to martensitic form. When the load is released, the
material is transformed back to austenitic form and recovers its original shape [466]. Models describing both
shape memory and pseudo-elasticity effects in shape memory alloys have been reviewed by Saadat et al. [467].

The pseudo-elasticity effect of shape memory alloys was proposed for use in place of soft nonlinear springs
for passive isolation of large loads. While a soft spring is desirable for low-frequency resonant isolation, yet a
stiff spring is needed to avoid large displacements. Thus the use of a soft spring degrades high frequency
isolation. Instead one might consider the use of shape memory alloys to remove such trade-off as considered
by Lagoudas et al. [468] and Khan and Lagoudas [469]. Magnetohydrorheological elastomers are made of
rubber mixed with micron-sized magnetizable particles. The elastomer is cured in a magnetic field causing the
magnetic particles to align in chains and remain aligned after the magnetic field is removed. Ginder et al. [470]
reported that the application of a magnetic field changes the stiffness of the elastomer. The stiffness of
piezoelectrics can be varied by connecting them to a capacitive shunt circuit [463]. Davis [471] examined and
modeled the magnetohydro-rheological elastomer phenomena. Ginder et al. [472] showed that with increasing
input acceleration amplitude attributed to strain-softening behavior of the elastomer the spring exhibited
variable stiffness nonlinearity.

In view of the variation of the structure parameters of shape memory alloys the equation of motion may be
written in the form [473]

~m
d2x

dt2
þ

d ~m

dt
þ ~C

� �
dx

dt
þ ~kxþ

1

2

q~c
qðdx=dtÞ

dx

dt
�

q ~k
q _x

x

 !
¼ F ðtÞ. (87)

This equation can be written in the form

€xþ f ðx; _x; tÞ _xþ gðx; _x; tÞ ¼ eðtÞ. (88)

If f and g are functions of position only, then Eq. (88) is known as Lienard’s equation [474]. Research
activities dealing with this equation have been devoted to study the existence and uniqueness of solutions for
both autonomous and non-autonomous versions of Eq. (88). Conditions for existence and number of limit
cycle oscillations have been obtained when both f and g are functions of position [475–478].

The effect of nonlinear hysteretic damping of a magnetohydrorheological damper on the response of
suspension systems was studied using the equivalent linearization and averaging method by Shen et al. [479].
The results of the two approaches were found in good agreement. The agreement was found to be preserved as
long as the nonlinearity of the damper used is small enough. In another study, Narimani and Golnaraghi [480]
considered the nonlinearities of a vibration isolator to improve the performance of linear mounts. Both
nonlinear damping and stiffness rates were found to have interacting effects on the dynamic behavior of the
mount. It was found that the effect of nonlinear stiffness rate on frequency response is opposite to that of the
nonlinear damping rate [481,482]. The load-leveling suspension system of vehicles can make the sprung mass
to have different acceleration and relative displacement transmissibilities by applying different values of
magnetorheological dampers. This provides improvement in vibration isolation for both low-frequency
excitation and high-frequency excitation. Shen et al. [483] found the load-leveling suspension system resulted
in an increase of the frequency range of control in comparison to traditional suspension systems.
7.6. Isolation of aerospace structures

Vibration isolation of aerospace structures is essential for space launch vehicles including space telescopes
and microgravity effects on liquids, combustion, and material management. Most of research activities of
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vibration control in aerospace applications rely on active control means rather than passive means. Vibration
isolations with constant stiffness elements and damping elements such as viscoelastic materials, viscous fluids,
magnetic and passive piezoelectrics have been extensively used in aerospace applications [484,485]. Yiu and
Regelbrugge [486] proposed the shape memory alloy isolators for vibration suppression in space applications.
It was shown that the shape memory alloy isolators enable inexpensive components to be designed with
improved performance for space applications.

It is essential to prevent damage to the payload of launch space vehicles by isolating structural and
acoustical vibrations. Cobb et al. [487] described the design and performance of a vibration isolation and
suppression system, which can be used to isolate a precision payload from spacecraft borne disturbances. The
passive isolation was provided using a flight proven D-strut design. Winthrop and Cobb [473] mentioned that
in small launch vehicles, the sound level can exceed 130 dB and can cause payload damage. High levels of axial
vibrations of spacecraft structures due to resonant excitations from the motors of the solid-fueled booster were
found to cover several frequency bands. Vibrations have long been a source of problems for space systems,
with acoustic and aerodynamic excitations causing failures during launch and periodic disturbances degrading
performance on-orbit. Whole-space vibration isolation systems known as single-axis SoftRide systems have
been developed for the first and second orbital/suborbital Program (OSP) launches and for the Taurus/MTI
launch [488–492]. The structures on either side of the isolation system, namely the launch vehicle and the
spacecraft, are both very rich in dynamics. Dynamic launch loads from some launch vehicles, particularly solid
boosters, may be drastically attenuated through the use of an axial SoftRide isolation system. The use of
viscoelastic material causes both the stiffness and the damping to be frequency dependent. The isolation
system was made up of a series of identical isolator elements. Typical results revealed 85% attenuation for the
worst-case resonant burn condition and 59% attenuation for a combination of static plus worst case resonant
burn condition in the axial spacecraft center of mass location.

An extension of the single-axis SoftRide system is the multi-axis system, which inserts flexibility and
damping in three orthogonal axes between the launch vehicle and the satellite [492]. This multi-axis
whole-space vibration isolator resulted in mitigating dynamic launch loads. Additionally, these isolation
systems provided extreme reductions to shock and structure-borne acoustic loads. The performance of
six-axis vibration isolation systems was assessed by O’Brien et al. [493]. In particular, space-borne
interferometers require isolation of the reaction wheel disturbances in order to stabilize the precision optical
elements to the required levels. Dual-chamber pneumatic springs are widely used in the vibration isolation
systems for precision instruments such as optical devices or nano-scale equipment owing to their
superior stiffness and damping characteristics. The experimental results measured by Kim and Lee [494] for
a dual-chamber pneumatic spring exhibited significantly amplitude-dependent nonlinear behavior. They
proposed nonlinear complex stiffness model, which reflects dependency on both frequency and excitation
amplitude.

The advantage of nonlinear isolators over the linear ones makes them very attractive for implementation for
missile structures isolation from shock loading [495]. Park and Fowler [496] proposed the zero-spring-rate
mechanism as a suspension device for supporting a given range of payload weight of the Space Station
Freedom. The Hubble Space Telescope requires the safe transportation of electronic Orbital Replacement
Units on the Space Transportation System. It was imperative to provide isolation from the Space
Transportation System launch random vibration, while maintaining fundamental modes above the transient
load environment. Denoyer et al. [497] and Jedrich and Pendleton [498] addressed two isolation systems for
electronic black-box transportation orbit. The first system utilized a refined open/closed cell foam design to
provide the required damping and corner frequency, while the second used a viscoelastic material design.

Key issues related to passive vibro-acoustic isolation for container-type structures were discussed by Griffin
et al. [499]. The key noise reduction principle was the passive application of a characteristic impedance
mismatch in conjunction with a vibration isolation suspension system to limit structural transmission. The
characteristic impedance mismatch was created by imposing a near vacuum condition between partitions of a
container structure.

The vibration isolation and suppression system was designed to isolate a precision payload from spacecraft
borne disturbances using passive isolation in combination with voice coil actuators [500,501]. Passive isolation
technology has been accepted by Satellite designers for space applications [502–505]. Passive D-strut systems
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were originally developed for satellite reaction wheels and the reaction wheel assemblies in the Hubble Space
Telescope [502]. Space flight experiments demonstrated that smart structures provided high-performance on-
orbit isolation to precision spacecraft payloads [506]. Hadden et al. [507] described a vibration isolation system
for airborne payloads from aircraft disturbances. The system was in the form of six pneumatic struts
configured as a hexapod or Stewart Platform, which makes up the primary portion of the isolation system.
Each isolator has a capacity for large energy storage and possesses a near linear viscosity over a broad
temperature range. Isolation estimate followed damage failure in aerospace structures was reported by
Zimmerman and Lyde [508] and Roemer et al. [509].

Satellite structures are normally constructed from very lightweight alloy materials and operate in
environments where there is almost no damping because the lack of atmospheric damping and desire minimize
payload. These structures carry sensitive instruments in very precise alignments, which make them very
susceptible to unwanted structural vibrations. It was imperative to build passive vibration isolation into
these structures [510]. Keane and Bright [511] described an experimental investigation on a revised design
of a two-dimensional lattice structure. It was shown that significant noise isolation characteristics could be
achieved into a regular structure by modifying it in a controlled way without using damping material or active
control means.

7.7. Isolation of automotive systems

There is a growing interest in automotive industry to isolate the power-train system, engine, and engine
cooling system through proper design of rubber and hydraulic mounting systems. Hydraulic engine mounts
exhibit nonlinearities due to internal fluid flow characteristics, compliances of elastomeric fluid chambers,
decoupler switching mechanisms, and vacuum formation [512,513]. Colgate et al. [513] studied the frequency
response characteristics of a highly nonlinear hydraulic engine mount. They considered the nonlinearity due to
an amplitude-limited floating piston (the ‘decoupler’), which enables the response to large amplitude road-
induced excitations. Tiwari et al. [514] modeled and simulated different configurations of the mount in an
attempt to quantify these nonlinearities from the steady-state behavior at different frequencies and amplitudes
of displacement excitation. Golnaraghi and Jazar [515,516] found that the behavior of the nonlinear hydraulic
mount at resonance is associated with the jump phenomenon. The nonlinear resonance results in high-
amplitude steady state or unstable behavior at high frequencies and is not predicted by the linear model. The
basic design considerations and optimization for engine mounting were discussed in Refs. [517–524]. The
modern engine mounting systems have to isolate the driver and passengers from both noise and vibration
generated by the engine.

Christopherson et al. [525] described the nonlinearities in the lumped parameter modeling by the geometric
and constitutive relationship-induced nonlinearity, including hysteretic behavior. They showed that under
certain conditions, the nonlinearities involved in the hydraulic engine mounts could result in a chaotic
response. Ohadi and Maghsoodi [526] studied the influence of nonlinearities due inertia and decoupler
resistances in turbulent region. They found that hydraulic mounts provide better isolation than rubber mounts
only in the low-frequency region.

Shangguan and Lu [527] developed a fluid structure interaction finite element analysis model to examine the
dynamic behavior of a hydraulic engine mount with an inertia track and a free decoupler. The results of the
time histories of some variables in the model, such as the pressure in the upper chamber and the displacement
of free decoupler under different excitations, demonstrated the mount working mechanism. Zhang and
Shangguan [528] and Shangguan et al. [529] identified the nonlinear damping of the inertia track for a generic
hydraulic engine mount using experimental investigations and ADINA simulation approach. The problem of
parameter identification of hydraulic engine mounts was further examined by Kyprianou et al. [530] and Fan
and Lu [531]. The working principles of hydraulic mechanisms and the relationship between the dynamic
properties of three types of mounts were presented. It was found that the frequency-variant dynamic
properties of the mounts with an inertia track or an orifice have excitation amplitude-invariant fixed points.
A nonlinear lumped parameter model for a hydraulic mount with an inertia track was developed and analyzed
to predict the fixed point of dynamic stiffness. The results showed that the fluid flow through an orifice could
be replaced by a fluid flow through an equivalent length of inertia track.
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He and Singh [532] identified and quantified discontinuous compliance nonlinearities of hydraulic engine
mounts. These included asymmetric nonlinearities in transient step-up and step-down responses by using a
quasi-linear mount model. They also developed an improved multistaged top chamber compliance model, which
exhibited the existence of highly nonlinear region(s) during the step transitions as well as during the decaying
transients. A mean displacement-dependent model was proposed for the bottom chamber compliance.

Viscoelastic materials such as rubber are widely utilized in vibration damping mounts [533–537]. The
dynamic stiffness of an elastomeric mount is known to be greater at high frequencies than its value at low
frequencies due to damping. This characteristic makes it difficult to design a mount system that satisfies the
design requirements [538–540]. Examples of vibration damping mounts in automotive industry are engine,
front end cooling system, and body-frame rubber mounts. Corcoran and Ticks [17] and Flower [18] replaced
the rubber engine mounts by hydraulic engine mounts. Passive hydraulic mounts provide the ability to reduce
the compromise between engine isolation and shake control when developing engine-mounting systems. They
also can provide better performance than elastomeric mounts over a low-frequency range [417,541–545].
However, they cannot solve all inherent problems during vehicle operations.

Wei-Ge et al. [546] proposed the utilization of magnetorheological fluids in hydraulic engine mount for
damping vehicle noise and vibration. Their experimental results showed that the dynamic characteristics of a
magnetorheological mount, such as dynamic stiffness and loss angles, vary distinctly. Kelso et al. [547] presented
experimental investigation for a prototype device utilizing magnetorheological fluid damper constituting a
piston/dashpot configuration. During reciprocation, the fluid is circulated through the device with the generated
pressure providing viscous damping. In addition, the damper is also intended to accommodate off-axis loading;
i.e., rotation moments and lateral loads orthogonal to the axis of operation. With magnetorheological fluid, the
seals can act as sources of nonlinear friction effects (stiction) and possess a shorter lifespan due to the abrasive
nature of the ferrous particles suspended in the fluid. The goal of the work of Kelso et al. [547] was the
development of a stiction-free magnetorheological isolator whose damping force can be predicted.

Vibration isolators made of rubber pads have a hysteretic nonlinearity. The combination of hydraulic device
with rubber pads for introducing damping effect and by attaching a stopper to the rubber pads for limiting
amplitude was proposed by Irino, Sato et al. [548,549]. They described the hysteretic nonlinearity using
Preisach distribution function, which makes it possible to evaluate equivalent damping coefficient and stiffness
in terms of excitation amplitude and frequency in equation of motion. The frequency response characteristics
of a single-degree-of-freedom with a hydraulic rubber pads was evaluated in terms of equivalent damping
coefficient and stiffness.

The development of engine mounting systems has mostly concentrated on improvement of frequency- and
amplitude-dependent properties. The conventional elastomeric mounts do not meet all the requirements and
can only offer a trade-off between static deflection and vibration isolation. Passive hydraulic mounts can
provide a better performance than elastomeric mounts especially in the low-frequency range. Yu et al.
[538–540] provided some views regarding the ideal engine mount system that should isolate vibration caused
by engine disturbance in various speed ranges and prevent engine bounce from shock excitation. This implies
that the dynamic stiffness and damping of the engine mount should be frequency and amplitude dependent.
Therefore, the development of engine mounting systems has mostly concentrated on improvement of
frequency and amplitude-dependent properties.

Dhaubhadel [550] considered Fluidlastic(R) engine mount and solved for the time-dependent Navier–Stokes
equations governing laminar and turbulent flows using a penalty finite element method. The results were
presented for a generic Fluidlastic(R) engine mount for Reynolds numbers ranging from 40 to 120,000. It was
found that the flow resistance is very sensitive to the viscosity of the fluid, length and diameter of the inertia
track, and frequency and amplitude of oscillation of the fluid chamber walls. The relationship between the
pressure differential across the inertia track and the flow rate is nearly linear for low Reynolds number flows
and nonlinear for high Reynolds number laminar and turbulent flows.

8. Conclusions

Recent advances in metallic and viscoelastic nonlinear vibration isolators have been presented and covered
traditional and non-traditional systems. The main features of nonlinear isolators have been described. These
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features include the shift of resonance frequency, jump phenomena, chaotic motion, and internal resonance.
The measure of transmissibility of nonlinear isolators experiencing non-harmonic behavior requires special
description in terms of the mean squares of response and excitation amplitudes.

Metallic nonlinear isolators include pendulum systems, Euler springs, and sliding beams. These isolators
were designed primarily to isolate excitation signals such as gravitational waves at very low-frequency levels.
Specific ultra-low-frequency isolators include the folded pendulum isolator, the X-pendulum isolator table,
and the conical pendulum. Efforts for reducing the resonant frequency such as magnetic anti-spring, torsion-
crank linkage, and geometric anti-spring have been outlined. The analyses of these isolators were based on
approximate elastic and axial stiffness of the Euler column. So it was imperative to introduce the exact
analysis of the elastica and axial stiffness, which can be utilized for accurate modeling of Euler spring vertical
isolator. The Euler spring has been used for vertical vibration isolation at low frequencies. However, the Euler
beam, known as the Gospodnetic–Frisch beam sliding on two supports without constraints was introduced
and it revealed isolation superiority in the neighborhood of the resonant frequency. Its restoring force was
found to vanish at a critical deflection similar to the roll restoring moment of ships near the angle of capsizing.
This disadvantage can be avoided and eliminated by introducing damped bumpers. Accurate modeling of
Euler spring or Gospodnetic–Frisch beam should be formulated based on the exact elastica and restoring force
in terms of elliptic integrals. The influence of friction at the beam supports should be included and means to
minimize wear should be developed. It is not expected that analytical approaches such as asymptotic
techniques will provide accurate results. However, numerical simulations should be performed whether the
excitation is deterministic or stochastic.

Protection of buildings, bridges, and liquid storage tanks against earthquakes has been achieved by different
types of base-isolation systems such as passive friction dampers, rubber-lead bearings and friction-pendulum
systems. Many studies considered the ground motion to be horizontal random stationary. However, most of
earthquakes exhibit non-stationarity and realistic friction coefficient exhibit stochasticity with time. The
influence of excitation non-stationarity and stochastic friction should be considered for future research.

Viscoelastic nonlinear isolators exhibit different mechanical characteristics due to the dependence of their
stiffness and damping parameters on frequency and temperature. It was reported that as the excitation
amplitude of the nonlinear viscoelastic isolator increases, the response amplitude decreases and the
transmissibility is improved over that of the linear isolator for excitation frequency that exceeds a particular
value governed by the temperature and excitation amplitude. For each type of elastomer material the designer
should develop phenomenological modeling of the shear storage modulus and shear loss factor. These models
can provide better and accurate analytical dynamical modeling of the elastomer isolator.

In order to enhance the performance of passive isolators, an overall nonlinear control design should be
utilized as those proposed in references (see, e.g., Refs. [551–555]). Note that this article did not address the
semi-active or active control of nonlinear isolators. The active/semi-active control means of vibration isolation
have been introduced in vehicle suspension and base-isolation buildings. A hybrid seismic control system for
building structures was considered in the literature (see, e.g., Ref. [551]), which combines a class of passive
nonlinear base isolator with an active control system. The design of semi-active and active suspension systems
has been pursued to attenuate the vibrations between the vehicle’s sprung and unsprung masses [552].
However, this approach tends to be expensive (e.g., actuators, sensors, and computational burden) and power
intensive (e.g., hydraulic or pneumatic sources).
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